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Preface

This book is devoted to the problem of shape identification. Problems of this type occur
in a number of important fields which belong to the class of inverse problems. As the
first of these fields, we mention inverse scattering problems where one wants to detect —
and identify — unknown objects through the use of acoustic, electromagnetic, or elastic
waves. Complex models in scattering theory involve boundary value problems for partial
differential equations such as Maxwell’s equations in electromagnetics, and one of the
important problems in inverse scattering theory is to determine the shape of the obstacle
from field measurements. Applications of inverse scattering problems occur in such
diverse areas as medical imaging, material science, nondestructive testing, radar, remote
sensing, or seismic exploration. A survey on the state of the art of the mathematical
theory and numerical approaches for solving inverse time harmonic scattering problems
until 1998 can be found in the standard monograph [43] by David Colton and Rainer
Kress. We also refer to Chapter 6 of [106] and [155] for an introduction and survey on
inverse scattering problems.

The second important area where the identification of unknown shapes plays an
important role is fomography, in particular, electrical impedance tomography or optical
tomography. Electrical impedance tomography is a technique to recover spatial prop-
erties of the interior of a conducting object from electrostatic measurements taken on
its boundary. For example, a current through a homogeneous object will, in general,
induce a different potential than the same current through the same object containing
an enclosed cavity. The problem of impedance tomography, we are interested in, is to
determine the shape of the cavity from measurements of the potential on the boundary
of the object. For survey articles on this subject we refer to [16] by Liliana Borcea and
[82] by Martin Hanke and Martin Briihl.

Shape identification problems are intrinsically nonlinear, i.e., the measured quan-
tities do not depend linearly on the shape. Even the notion of linearity does not make
sense since, in general, the set of admissible shapes does not carry a linear structure.
Traditional (and still very successful) approaches describe the objects by appropriate
parameterizations and compute the parameters by iterative schemes as, e.g., Newton-
type methods. Besides the well-known advantages (fast convergence) and disadvantages
(only local convergence properties) of iterative methods for nonlinear problems, these
methods share the common drawback that important information on the unknown object
such as the number of connectivity components or the type of the boundary condition has
to be known in advance. Nevertheless, methods of this type are widely used —in particular
because the first or second order derivatives can be characterized by using techniques
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from the shape optimization theory. We refer to [156, 173] for general references and
[112, 134, 135, 84, 83, 86] for applications in inverse scattering theory.

In particular, classical iterative algorithms using explicit parameterizations of the
objects are not able to change the number of connectivity components during the algo-
rithm. This observation has led to the development of level set methods which are based
on implicit representations of the unknown object involving an “evolution parameter” 7.
Since the pioneering work [154] by S. Osher and J. Sethian, this method has been further
developed and applied in a huge number of papers. We refer to [22] for a recent survey.
Since around 1995 iterative methods for solving problems in shape optimization have
been developed which completely avoid the use of parameterizations and replace the
classical Fréchet derivative by a geometrically motivated topological derivative, see,
e.g., [171, 172]. These methods have also been applied to problems in inverse scattering
theory in [15, 78]. We refer also to [67].

While very successful in many cases, iterative methods for shape identification prob-
lems — may they use classical tools as the Fréchet derivative or more recent techniques
such as domain derivatives, level curves, or topological derivatives — are computationally
very expensive since they require the solution of a direct problem in every step. Further-
more, for many important cases the convergence theory is still missing. This is due to the
fact that these problems are not only nonlinear but also because their linearizations are
improperly posed. Although there exist many results on the convergence of (regularized)
iterative methods for solving nonlinear improperly posed problems (see, e.g., [62, 87]),
the assumptions for convergence are not met in the applications to shape identification
problems.!

These difficulties and disadvantages of iterative schemes gave rise to the development
of different classes of non-iterative methods which avoid the solution of a sequence of
direct problems. We briefly mention decomposition methods (according to the notion of
[44]) which consist of an analytic continuation step (which is linear but highly improperly
posed) and a nonlinear step of finding the boundary of the unknown domain by forcing
the boundary condition to hold. We refer to [6, 3, 45, 46, 123, 50, 125, 132] for some
versions of this approach. In Section 7.2 we will briefly recall the Dual Space Method of
Colton and Monk (see below) which belongs to this class. There is also a close connection
to the Point-Source Method of Roland Potthast in [157, 158, 160].

In this monograph, we will focus on a different class of non-iterative methods. The
common idea is the construction of criteria on the known data to decide whether a given
point z (or a curve or a set) is inside or outside the unknown domain D. By choosing a
grid of “sampling” points z (or collection of curves or sets) in a region known to contain
the unknown domain D one is therefore able to compute the (approximate) characteristic
function of D. In the following, we will collect these approaches under the name sampling
methods. They differ in the way of defining the criterion and in the type of test objects.

One of the first methods which falls into this class has been developed by David
Colton and one of the authors of this book (A.K.) in 1996 ([39]), now known as the
Linear Sampling Method. Its origin goes back to the Dual Space Method developed by

1 Or, at least, it is unknown whether these assumptions are fulfilled or not.
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David Colton and Peter Monk during 1985 and 1990 (see, e.g., [45, 46, 49] or [43]).
We also mention the work [105] of Victor Isakov in which singular functions are used
to prove uniqueness of an inverse scattering problem. The numerical implementation of
the Linear Sampling Method is extremely simple and fast because sampling is done by
points z only. For every sampling point z one has to compute the field of a point source
in z with respect to the background medium? (if this is constant the response is even
given analytically) and evaluate a series, i.e., a finite sum in practice.

In 1998 Masaru Ikehata published the paper [96] in which he presented a method
now known as Ikehata’s Probe Method. Instead of points, the region is probed by curves
(called needles in [96]), and points on these curves are identified which belong to the
boundary of the unknown domain D. In many subsequent papers, mainly by Ikehata
and his collaborators, the probe method has been applied to several inverse scattering
problems and inverse conductivity problems (see [95, 97, 98, 99, 100, 101, 102, 33,
103, 104]). We explicitly mention [33, 63] for numerical implementations of the probe
method.

In 2000 Roland Potthast presented a sampling method in [159] which he later in
[160], Chapter 6, called the Singular Sources Method. The idea, formulated here for the
inverse scattering problem, is to approximate (from the given data) the scattered field
v*(+, z) which belongs to the field of a point source in z as incident field. This scattered
field v*(z, z), evaluated at the same source point z, is unbounded if z approaches the
boundary 9D from the exterior. Therefore, the unknown region D is found as the set
of points z where v°(z, z) becomes large. In this sense, we consider this method as a
sampling method with respect to point sampling.

Sampling by sets is done in the Range Test and the No Response Test, developed
by Roland Potthast, John Sylvester, and Steven Kusiak in [163] and Russell Luke and
Roland Potthast in [141]. We refer also to [88].

A problem with all of the mentioned methods (except of Ikehata’s probe method) from
the mathematical point of view is that the computable criterion provides only sufficient
conditions which are, in general, not necessary. The Factorization Method, developed
by the authors in [114, 115, 76, 74] overcomes this drawback and provides a criterion
for z which is both, necessary and sufficient. Therefore, this method provides a simple
formula for the characteristic function of D which can easily be used for numerical
computations. We emphasize, that these results hold in the resonance region, i.e., no
asymptotic forms such as the Born approximation or the geometric or physical optics
approximations are assumed. Compared to Ikehata’s Probe Method the Factorization
Method is much more direct, both from the theoretical point of view as well as with
respect to the computational implementation. From the numerical point of view, the
Linear Sampling Method and the Factorization Method are equally simple and fast.
A typical feature of these two methods is that they make no explicit use of boundary
conditions or topological properties of D. In other words, they determine the unknown
domain without knowing in advance the type of boundary condition or the number of
components.

2 Essentially, one has to compute the Green’s function.
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Since their first presentations, the Linear Sampling Method and the Factorization
Method have been developed for several problems in inverse scattering theory and
tomography. We refer to [24, 23, 26, 27, 28, 35, 37, 38, 80, 65, 178] for some recent
work on the Linear Sampling Method and [7, 116, 117, 129, 118, 77, 119, 120] for
papers related to the Factorization Method in inverse scattering theory. The interesting
papers [8] and [11] by Tilo Arens and Armin Lechleiter discovers a deeper relationship
between these two methods. Stimulated by the first paper [114] Martin Briihl and Martin
Hanke investigated the Factorization Method for problems in impedance tomography
(see [18, 19, 20, 82, 21] and later [90, 92, 94]) by Nuutti Hyvonen. For a more general
approach to elliptic equations we refer to [120] and [68]. There are several applications of
the Factorization Method which are not covered in this monograph. We mention scatter-
ing problems for periodic surfaces or arcs (cf. [10, 9] and [129], respectively), for elastic
media (see [7, 29]), for static problems (cf. [81, 133, 131]), or in optical tomography
(cf. [14, 89, 91, 93]).

However, it should also be mentioned that the range of problems for which the
Factorization Method has been justified from the mathematical point of view is con-
siderably smaller than the one for the Linear Sampling Method or the other sampling
methods.

While the main subject of this monograph is the Factorization Method, we will
report on the Linear Sampling Method, Ikehata’s Probe Method, and Potthast’s Singular
Sources Method in Chapter 7. We also refer to the survey articles [161, 162] by Roland
Potthast on Sampling and Probe Methods and to [88] for an interesting relationship
between sampling methods and iterative methods.

The monograph is organized as follows. Chapters 1-4 study the Factorization
Method for scattering problems where the wave propagation is described by the three-
dimensional scalar Helmholtz equation. In Chapters 1-3 impenetrable scatterers D are
considered where boundary conditions on the boundary dD of D of Dirichlet, Neumann,
impedance or mixed type are imposed. Chapter 4 is devoted to the penetrable case,
and we show that the Factorization Method can be considered as an extension of the
well-known MUSIC-algorithm from signal processing (cf. [60, 30]).

There exist several variants of the Factorization Method. The — in our opinion —
most satisfactory version holds for scattering problems with non-absorbing media, such
as the obstacle scattering case with Dirichlet or Neumann boundary conditions. The
Factorization Method for this situation is investigated in detail in Chapter 1. The math-
ematically most important feature of these problems is the normality of the far field
operator. This makes it possible to use the spectral theory for normal operators. The
authors think that the Factorization Method is a particularly interesting and useful appli-
cation of this theory. As an intermediate step we prove a characterization of the scatterer
D by an inf-condition which is, although not as elegant as the final characterization by
the solvability of an equation, the basis for characterizations of D for scattering problems
for absorbing media.

We consider Chapter 1 also as an introduction into our method and emphasize that
it can not be left out by the reader because it sets up the basis for all subsequent
chapters.
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A first example of a case where the far field operator fails to be normal is studied in
Chapter 2. The impedance boundary condition serves as a simple model for an absorbing
medium. Since the far field operator F is no longer normal the final characterization of
Chapter 1 does not hold and has to be modified. This is done by considering a suitable
combination Fy of the self-adjoint parts (F + F*) /2 and (F — F*)/(2i) of F which finally
leads to a characterization of D by the solvability of an equation involving Fy instead of F'.

Chapter 3 is devoted to mixed boundary conditions. The obstacle is assumed to
consist of several parts, and on some them we impose Dirichlet boundary conditions,
on the others Neumann or, more general, impedance boundary conditions. Even for the
Dirichlet—-Neumann case, where the far field operator F is still normal, it is an open
problem whether or not the Factorization Method (in any of its forms) can be justified.
Numerical experiments indicate that this is indeed the case but a rigorous proof is not
known. However, if we a priori know some domains which enclose the parts with the
Dirichlet boundary condition and the impedance boundary condition we can modify the
operator Fy appropriately to treat this case as well.

In Chapter 4 we study the penetrable case, i.e., scattering by an inhomogeneous
medium where we allow the medium to be absorbing. The techniques developed in
Chapters 1 and 2 allow us to prove a characterization of the shape of the contrast (which
is the difference between the indices of refraction of the scattering medium and the
background medium) by the same operators used in Chapters 1 and 2. We note already
here that this implies in practice that one does not need to know the type of obstacle —
penetrable or impenetrable — in advance.

While Chapters 1-4 treat scattering problems for the scalar Helmholtz equation we
investigate the Factorization Method in Chapters 5 and 6 for the scattering of time har-
monic electromagnetic waves and the problem of impedance tomography, respectively.
One assumption for the validity of the Factorization Method is that the square k* of
the wavenumber k is not an eigenvalue of a corresponding eigenvalue problem. In the
case of an impenetrable obstacle with Dirichlet or Neumann boundary conditions this
eigenvalue problem is just the classical eigenvalue problem for — A in the domain D with
respect to the boundary conditions. For the scattering by an inhomogeneous medium,
however, a new type of eigenvalue problem (the “interior transmission eigenvalue prob-
lem”) occurs which fails to be self-adjoint (cf. [55]). In Sections 4.5 and 5.5 we show
under certain assumptions on the index of refraction that the eigenvalues form at most a
countable set. The question of existence of eigenvalues is only settled for the spherically
stratified case.

In Chapter 6 we investigate the problem of impedance tomography. In contrast to
the scattering problems this problem is set up as a boundary value problem in a bounded
domain B. The inverse problem we are interested in is to determine the shape D of
an inclusion with different electrical properties than the background medium. In this
application, the Factorization Method is set up for the difference of the Neumann—
Dirichlet operators for the cases with and without inclusion rather than for the far field
operator.

As mentioned above, the Factorization Method is only one of a class of new
approaches for solving “geometric” inverse problems. In Chapter 7 we introduce the
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reader to some related sampling methods. In contrast to the Factorization Method they
all use heavily the fact that every solution of the Helmholtz equation in some domain
G can be approximated arbitrarily well by solutions of the Helmholtz equation in larger
domains. We summarize two of such approximation theorems in Section 7.1. The Linear
Sampling Method can be considered as the precursor of the Factorization Method and
is closely related to the latter one. We present this method in Section 7.2 and show its
relationship to the Dual Space Method of Colton and Monk. In Section 7.3 we present
the basic ideas of the Singular Sources Method of Roland Potthast. Finally, in Sub-
section 7.4.1 of Section 7.4 we explain the Probe Method of Masaru Ikehata for the
impedance tomography problem and extend it in Subsection 7.4.2 to the inverse scatter-
ing problem with boundary conditions of mixed type. Here we follow the presentation
of [74].

In this monograph we use several spaces of functions on domains G or their bound-
aries dG. We try to follow the standard notations for these spaces. The boundary value
problems in bounded domains are set up in the Sobolev space H L(G) of (Lebesgue) mea-
surable functions such that their derivatives (in the sense of distributions) are regular
and belong to L>(G). This space is equipped with the inner product

(M,U)HI(G) = (u, U)LZ(G) + (V”’ VU)LZ(G)

where we denote by (1, v);2(G) = f f G U™ v(x) dx the inner product in L2(G). By v(x)
we denote the complex conjugate of v(x). If u and v are vector fields then u(x)v(x) has
to be understood as the scalar product Z;zl uj(x)vj(x). The corresponding norms are
denoted by || - ll;2) and || - | z1()

Fork € N we denote by C¥(G) the space of functions for which all partial derivatives
up to order k exist in G and are continuously extendable to the closure G of G. The
norms in C¥(G) are denoted by || - ”Ck(E)' We set C®(G) = Uken C*(G). Then we can
equivalently define H'!(G) as the completion of C!(G) with respect to the inner product
() u1(G)- Spaces of vector fields are denoted by HY(G,C3) or CK(G, C3).

We assume that G is a Lipschitz domain. Sometimes we assume that even G € C:¢
or 3G € C2. For definitions of these notations as well as of spaces C(G) or CM*(3G)
of Holder continuous functions we refer to [146] (Section 3.2), [144], Chapter 3, [43],
Section 2.2, or [167], Section 6.4. Then the spaces C(9G) and L2(3G) are defined in the
usual way using local coordinates. It can be shown (see, e.g., [17], Section 3) that the
trace operator y : C LG) = [%66), yu = ulyg, has a bounded extension on H L),
Its range space

R(y) = {¥ € L*(3G) : there exists u € H'(G) with yu = v}
is denoted by H'/2(3G) and equipped with the norm
W lgree = inf{lulgi g :ueH (G) withyu=y}.

We define H~'/2(3G) as the dual space of H'/2(3G). We denote by (-, -) the dual form
in (H-12(3G), H2(3G)), which is the extension of the inner product (-, )26
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L2(3G) x L*(3G) — Cto (-,-) : H~Y2(3G) x H'/*(3G)) — C. We note that both, the
inner product (-,);2(5¢) and the dual form (-, -) are sesqui-linear forms. Furthermore,
HJ(G) = {u € H'(G) : yu = 0 on 3G} can be constructed as the closure in H!(G) of
the space Cé (G) of C'-functions with compact support in G. We denote by R(F) and
N (F) the range space and the null space, respectively, of an operator F.

Finally, we come to the pleasant task of thanking those who have supported and
encouraged us for starting — and finishing — this project. Here we want to mention three
working groups who have influenced the research on sampling methods in a very essen-
tial way. First of all, we would like to thank the research group of Fioralba Cakoni,
David Colton, Russell Luke, and Peter Monk from the University of Delaware who not
only made important contributions to the field but also provided a warm and hospitable
environment for one of the authors (A.K.) to spend several weeks in Newark during
the past years. Second, the working group at the University of Gottingen of Rainer
Kress, Thorsten Hohage, and Roland Potthast (now at the University of Reading) are
one of the most active groups in Germany in the field of inverse scattering problems
and encouraged us to present the ideas of the Factorization Method to a broader audi-
ence of interested mathematicians, physicists, and engineers. Third, the working group of
Martin Hanke-Bourgeois at the University of Mainz developed the Factorization Method
for problems of electrical impedance tomography which started with the PhD thesis of
Martin Briihl [18]. During a common BMBF-project funded by the German Federal
Ministry of Education and Research many discussions resulted in new ideas, new gener-
alizations, and new applications of the Factorization Method (see, e.g., the joint paper [69]
and also [122]).

Last but not least particular thanks are given to the members of our own research
group at the Department of Mathematics, in particular to Tilo Arens, Frank Hettlich,
Armin Lechleiter, and Sebastian Ritterbusch for many fruitful discussions and argu-
ments — and also for their willingness to shoulder “daily” duties during the preparation
of this monograph.

The colored versions of the plots are available on my homepage

www.mathematik.uni-karlsruhe.de/iag1/~kirsch/en

Karlsruhe, Germany Andreas Kirsch
May 2007 Natalia Grinberg
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1

The simplest cases: Dirichlet and
Neumann boundary conditions

As pointed out in the introduction this chapter is devoted to the analysis of the
factorization methods for the most simplest case in scattering theory. We consider
the scattering of time-harmonic plane waves by an impenetrable obstacle D which
we model by assuming Dirichlet boundary conditions on the boundary I' = 9D of D.
With respect to the factorization methods we will carry out all proofs in detail. We
point out that the title of this chapter should not lead to the wrong conclusion that this
“simplest case” could be left out by those readers interested in the factorization method
for more complicated models. In this chapter we formulate the basic functional analytic
results which form the basis of the method and will be referred to several times in later
chapters.

After a short derivation of the Helmholtz equation from the basic equations in con-
tinuum mechanics we will repeat in Section 1.2 some well-known results on the direct
scattering problem. We will omit the proofs but refer to the existing literature such
as [43]. However, we will emphasize the important “ingredients”: Rellich’s Lemma
and unique continuation for the problem of uniqueness of the scattering problem and
Green’s theorem for the derivation of important properties such as the reciprocity
principles.

Section 1.3 will collect analytical results on the inverse scattering problem such as
uniqueness of the inverse problem and properties of the far field operator. Here we will
present the proofs of those results which are necessary for the factorization method.

We start Section 1.4 with the basic factorization of the far field operator. Then in
Subsection 1.4.2 a quite general approach is discussed in which the domain D is char-
acterized by those points z for which the infimum of a certain function (depending on z)
is positive. For the special case where the scattering operator is unitary — which is the
case for the scattering by an obstacle under Dirichlet boundary conditions — this repre-
sentation can be transformed into the characterization of D by those points z for which
a certain equation of the first kind (where the right-hand side depends on z) is solvable
or not.

In Section 1.6 we will briefly treat the case of Neumann boundary conditions. The
analysis is quite analogous to the Dirichlet case.



2 Dirichlet and Neumann boundary conditions

1.1 The Helmholtz equation in acoustics

In the first part of this monograph we consider acoustic waves that travel in a medium,
such as a fluid. Let v(x, r) be the velocity vector of a particle at x € R3 and time . Let
p(x, 1), p(x,t),and S (x, ) denote the pressure, density, and specific entropy, respectively,
of the fluid. We assume that no exterior forces act on the fluid. Then the movement of
the particle is described by the following equations:

(?)_1; + @ -V)v+ % Vp =0 (Euler’s equation), (1.1)
ap . . .

m + div(pv) =0 (continuity equation), (1.2)

f(p,S) =p (equation of state), (1.3)

% +v-VS =0 (adiabatic hypothesis), (1.4)

where the function f depends on the fluid. This system is nonlinear in the unknown
functions v, p, p, and S. Let the stationary case be described by vy = 0, time-independent
distributions p = pg(x) and § = Sp(x), and constant pgy such that pg = f (,oo(x), So (x)).
The linearization of this nonlinear system is given by the (directional) derivative of this
system at (vo, po, po, So). For deriving the linearization, we set

v(x, 1) = s vi(x, 1) + O@E?),

P, 1) =po+epi(x,1) + O(e?),
p(x.1) = po(x) + £ p1 (x,1) + O(e?),
S(x,1) = So(x) + & S1(x, 1) + O(?),

and we substitute this into (1.1), (1.2), (1.3), and (1.4). Ignoring terms with O(&?) leads
to the linear system

v 1
— + —Vp1 =0, (1.5)
at  po
B .
_E;Otl +div(ppv1) =0, (1.6)
af (o, S of (o, S
f (00, S0) o+ f (00, S0) 51 = p. (1.7)
p 39S
A
- o VS =0. (1.3)

First, we eliminate S;. Since

B .S ) , S
f(go 0) Voo + f (po o)V

0 = Vf (po(x), So(x)) = aS

S0,
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we conclude by differentiating (1.7) with respect to # and using (1.8)

8t c(x)? |:— + vy - V;Oo}, (1.9)

where the speed of sound c is defined by

ad
c)? = 55 (P0@:S0().

Now we eliminate v; and p; from the system. This can be achieved by differentiating
(1.9) with respect to time and using equations (1.5) and (1.6). This leads to the wave
equation for py:

3%p1(x,1)
or?

= c(x)2 po(x) div |: ! Vpi(x, t)i| . (1.10)
£0(x)

Now we assume that all quantities are time-periodic. In particular, p; is of the form

pi1(x,1) =Re [u(x) e—iwt]

with frequency @ > 0 and some complex-valued function u = u(x) depending only
on the spatial variable. Substituting this into the wave equation (1.10) yields the three-
dimensional reduced equation for u:

. 1 w?
po(x) div |:,oo(x) Vu(x):| o )2 ux)=0. (1.11)

If Vpy is negligible then the reduced wave equation (1.11) reduces to the Helmholiz
equation

2
Aulx) + — )2 u(x) =
i.e.,
Au(x) + k> n@x)>ux) =0 (1.12)

where k = % denotes the wavenumber and n(x) = C(x) the index of refraction and cy
the constant speed of sound of free space. In particular, in free space pg is constant and
thus (1.12) holds withn = 1, i.e.,

Au+ku=0.
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We emphasize again, that in general the field u is complex valued and the physically
relevant time-dependent field is given by

Ux.1) = Re [u(x) e—"wf] (1.13)

where we write U instead of pj. In scattering theory u is the sum of an incident field
u' and a scattered field u°. The incident field is a solution of the Helmholtz equation
in free space while the scattered part compensates for the inhomogeneous medium.
We call this situation scattering by an inhomogeneous medium. Obstacle scattering
occurs if the fields do not penetrate into an obstacle D. In the sound-soft case the
pressure p vanishes on the boundary dD of D which leads to the Dirichlet boundary
condition u = 0 on dD. Similarly, the scattering by a sound-hard obstacle leads to
a Neumann boundary condition du/dv = 0 on dD since here the normal component
of the velocity v vanishes on dD. The vector v = v(x) denotes the unit normal vec-
tor at x € dD. More general boundary conditions can be formulated as impedance
boundary conditions where the normal component of v is proportional to the pressure.
This is formulated as du/dv + Au = 0 on dD with some (possibly space-dependent)
impedance A.

1.2 The direct scattering problem

Let D C R3 be an open and bounded domain with C2-boundary I such that the exterior
R3 \ D of D is connected. Here and throughout the monograph we denote by D the
closure of the set D of points in R3. A confusion with the complex conjugate 7 of z € C
is not expected. Furthermore, let k > O be the (real-valued) wavenumber and

u'(x,0) = exp(ikx - 0), xeR’, (1.14)

be the incident plane wave of direction § € S2. Here, S> = {x € R? : |x| = 1} denotes the
unit sphere in R3. The obstacle D gives rise to a scattered field u* € CZ(R3\D)NC (R3\D)
which superposes ' and results in the total field u = 1’ +u* which satisfies the Helmholtz
equation

Au+k*u=0 outside D, (1.15)
and the Dirichlet boundary condition
u=0 onl. (1.16)

The scattered field u® satisfies the Sommerfeld radiation condition

a S
al —iku' = O(r2) forr=|x| > oo (1.17)
.

uniformly with respect to X = x/|x]|.
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Figure 1.1 Incident, scattered, and total field

We illustrate this situation in Figure 1.1 which shows the real parts of the incident
plane wave u' (left picture), the scattered wave u* (middle picture), and the total field u
(right picture), respectively, in two dimensions'.

Observing that the incident field ' satisfies the Helmholtz equation (1.15) in all of R?
we note that the scattered field u* solves the following exterior boundary value problem
for f = —u':

Givenf € H'*(I') find v € H! (R*\ D) such that

Av +k*>v =0 outside D, (1.18)
v=f onl. (1.19)
and
v | _
8——zkv=(9(r ) for r = |x| - o0 (1.20)
,

uniformly with respect to X = x/|x|.

We note that the solution of (1.18) is understood in the variational sense. Indeid,
using the Helmholtz equation in Green’s first formula for the region D = {x eR3\D:
x| < R}

a
//[(pAv—i—V(p-Vv]dx:/(pa—vds (1.21)
v
Dg 'z
yields
/ / [Vo - Vo —k*pv]dx =0 (1.22)
RN\D

for any test function ¢ with compact support in R3 \ D (choose R such that that the ball
of radius R contains the support of ¢). Here and throughout this monograph, v = v(x)
denotes the unit normal vector at x € 0D directed into the exterior of D. It follows from

I The setting of the two-dimensional scattering problem, i.e., where x, 0 € R2 and D C Rz, differs from the
one in three dimensions only in the radiations condition which has now the form du®/9r — ik u® = (’)(r_3/ 2).
We refer to [43] and Section 1.7.
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interior regularity results for elliptic differential equations (cf. [70]) that any solution of
(1.22) is a classical solution of the Helmholtz equation in R3\D.Wecallv € H ILC (R3\D)
a variational solution of (1.18), (1.19), and (1.20) if v solves (1.22) forall ¢ € HJ (R¥\D)
which vanish outside of some ball, and v = f on I' in the sense of the trace theorem and
v satisfies Sommerfeld’s radiation condition (1.20).

The fundamental results on uniqueness and existence are summarized in the following
theorem.

Theorem l.l Forany f € H'2(T") there exists a unique (variational) solution v €
H! (R3\ D) of (1.18), (1.19), and (1.20).

loc —
Furthermore, if the boundary data f is continuous on T then v € C*(R?>\ D) N

C(R? \ D). If f is even continuously differentiable on T' then the normal derivative
ov/dv exists and is continuous on I'.

For a proof we refer to [150] and [43] (see also Chapter 2, Section 2.1 where we show
existence and uniqueness for the Robin boundary conditions). [J

Solutions of the Helmholtz equation (1.18) in some exterior domain which satisfy also
Sommerfeld’s radiation condition (1.20) will be referred to as radiating solutions of
(1.18).

The uniqueness part in the proof of the previous theorem makes essential use of the
following result which is due to Rellich [166] (cf. [43]).

Lemma 1.2 Let v be a solution of the Helmholtz equation (1.18) in some region of the
form {x € R3 : |x| > R} satisfying

lim / [v(x)|?ds = 0.
r—00

|x|=r
Then v vanishes for |x| > R.
For a proof we refer to [43]. [

Green’s formula is the essential tool also in the proof of the following representation
formula for radiating solutions of the Helmholtz equation which sometimes is called
“Green’s representation formula”.

Theorem 1.3 Let v € C2(R?\ D) N C(R3 \ D) be a radiating solution of (1.18) such
that v posseses a normal derivative on the boundary T in the sense that the limit
dv(x)
av

= lim v(x)- Vv(x + hv(x)) , xel',
h—+0

exists uniformly with respect to x € I'. Then Green’s formula holds in the form

ad(x,y) 9 _
v(x):/[v(y) a,,(:y)y) - gf}y) @(x,y)] ds(y), x¢D. (1.23)
r
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Again, v(y) denotes the exterior unit normal vector aty € I' and ® the fundamental
solution of the Helmholtz equation in R given by
Tl —
Br,y) = DRI LRI, a2y (1.24)
4orlx — y|
For a proof we refer to [43, Theorem 2.4]. [J

As a direct consequence of this theorem one has the following result. Its proof can again
be found in [43], Theorems 2.5 and 2.6.

Theorem 1.4 Let v € C2(R? \ D) N C(R3 \ D) be a radiating solution of (1.18) such
that v posses a normal derivative on the boundary I' in the sense of Theorem 1.3.
Then v is analytic in R® \ D and has the asymptotic behavior

_ exp(iklx)

v(x) = v®®) +O(x]72), x| = oo, (1.25)

477 |x|
uniformly with respect to X = x/|x| € §%. The function v™ : §* — C is analytic and is
called the far field pattern of v. It has the form

v®R) = / [v(y) avi(y)e*’“'y - % e"kff'y] ds(y), %eS2. (1.26)

As a consequence of the analyticity of v and Rellich’s Lemma 1.2 we have

Corollary 1.5

(a) If v vanishes on some open subset of R3 \ D then v vanishes everywhere in R3\ D.
(Note that we always assume that the exterior of D is connected.)

(b) If v™ vanishes on an open part of S* (open relative to S*) then v vanishes in the
exterior of D.

Application of these results to the scattering problem (1.15), (1.16), and (1.17) assures
existence of a unique solution « for any incident field '. Its dependence on the incident
direction is indicated by writing u = u(-, 6). Analogously, the far field pattern u*° of u*
depends on the two angular values x and 6. We indicate this by writing u® = u®(x, #) and
note that > depends analytically on both variables. This follows, e.g., from Theorem 1.6
below.

1.3 The far field patterns and the inverse problem

First, we will prove a reciprocity principle for u®°. It states the (physically obvious) fact
that it is the same if we illuminate an object from the direction 6 and observe it in the
direction —X or the other way around: illumination from X and observation in —6.

Theorem 1.6 (First reciprocity principle) Let u®™ (56, 6) be the far field pattern corre-
sponding to the direction X of observation and the direction 0 of the incident plane wave.
Then

u™(—%,0) = u™(-6,%) forallx,0 € S*. (1.27)
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Proof: Application of Green’s second theorem to #’ and u* in the interior and exterior
of D, respectively, yields

4 9 . . P
0= / [u’(y,@) 8—u’(y,5c) —u'(y,x) —u'(y, 9):| ds(y),
v ov
r

0= f [ux(y,m D 08 — w3 ) im(y,e)] ds(y) .
v v
T

(More precisely, to prove the second equation, one applies Green’s second theorem to
u* in the region {x € R\ D : |x| < R} with R large enough and lets R tend to infinity.)
Now we use the representation (1.26) for the far field patterns u> (—fc, 9) and u™ (—9, )%):

. . . D
u>(=%,0) =/ [MS(Vﬁ) a—vu’(y,X) —u'(y,%) 8—vus(y, 9)} ds(y),
r

. 0 0 .
(0.5 =[ |1 0.0) S0 0.~ 10, - 0.0) | s
av av
r
Adding these four equations yields

0 0
u>*®(=x,0) —u>®(—0,%) = / [u(y,@) 514()1,)?) —u(y,%) 5u(y,9)i| ds(y). (1.28)
r

So far, we have not used the boundary condition on I'. With u(y, x) = 0 and u(y,6) = 0
on I' the assertion follows. [J

There exists an interesting second reciprocity principle which relates the scattered field
u® = u’(x,0) corresponding to the plane wave of direction 6 as incident field to the
far field pattern v>° = v*°(%, z) which corresponds to the point source ®(-,z) as inci-
dent field. Indeed, by the same arguments as in Theorem 1.6 one can show (cf. [160],
Section 2.1):

Theorem 1.7 (Second or mixed reciprocity principle) Let u®*(z, —0) be the scattered
field at z € R3 \ D which corresponds to the incident field u*(x, —0) = exp(—ikx - 6),
x € R3. Furthermore, let v*°(0,z) be the far field pattern of the scattered field v° at 0
which corresponds to the incident field vi(x,z) = ®(x,2), x € R3. Then

u’(z,—0) = v>(0,z) forall§ c S2 and 7 ¢D. (1.29)
The far field patterns u®(x, ), x,0 € S 2 define the integral operator F : 12 S 2) —
L*(5?) by

(Fg)(®) = /uoo(fc,G)g(Q)ds(O) fork e 52, (1.30)

S2
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which we will call the far field operator. It is certainly compact in L*(S2) since its kernel
is analytic in both variables and is related to the scattering operator S : L*(S?) —
L*(5%) by
S=1+ K g (1.31)
N 82 '

where I denotes the identity. In the next theorem we collect some properties of these
operators.

Theorem 1.8
(a) The far field operator F satisfies
ik
F—F*:gle—zF*F (1.32)
where F* denotes the L* — adjoint of F.
(b) The scattering operator S = I + 81%2 F is unitary, ie.,S*S =S8S* = 1.
(c) The far field operator F is normal, i.e., F*F = F F*.

(d) Assume that there exists no non-trivial Herglotz wave function vy, i.e., a function of
the form

g (x) = /e"k”)g(e)ds(e), xeR3, (1.33)
SZ

with density g € L*>(S?) which vanishes on T. In particular, such a function does
not exists if k* is not a Dirichlet eigenvalue of —A in D.> Then F is one-to-one and
its range R(F) is dense in L*(S?).

Proof: (a) For g,h € L*(§?), define the Herglotz wave functions v* and w' by

vi(x) = /e"’“""g(e)ds(e), xeR3,

S2

wix) = / e no)ds), xeR3,
S2
respectively. Let v and w be the solutions of the scattering problem (1.15), (1.16), and
(1.17) corresponding to incident fields v' and w', respectively, with corresponding scat-
tered fields v° = v — v', w* = w — w' and far field patterns v>°, w™, respecgvely. Then,
by linearity, v>° = Fg and w*™ = Fh. Green’s formula in Dg = {x € R3\D: x| <R}
and the boundary conditions yield

w9
0:/[vAW—WAv]dx: / [v—W—W—U}ds. (1.34)
V
D Ix|=R

2 k2 is called a Dirichlet eigenvalue of —A in D if there exists a non-trivial solution u € c? (D) N C(D) of
the Helmholtz equation in D such that « vanishes on I.



10 Dirichlet and Neurmann boundary conditions

The integral on the right hand side is split into four parts by decomposing v = v’ + ©°

and w = w' + w*. The integral
/ v W _ w 3_11’ ds
av av

|x|=R

vanishes by Green’s second theorem in {x : |x| < R} since v and W' are solutions of the
Helmholtz equation (1.18). We note that by our normalization of the far field pattern

aws(x) - v’ (x) 2ik  o/a <7% 1
— = — ol—=).
o Y Gy T @WEE O 5
From this we conclude that

w9’ ik — ik
f [US o av}ds 7 _W/waoods: ~ g P& M)
|x|=R 52

v* (x)

as R tends to infinity. Finally, we use the definition of v and w' and the representation
(1.26) to compute

vV v

[x|=R

= /8(9)
S2

= —/g(G)WOO(Q)d(G) =—(8. Fh)2(s2) -
S2

/ |:eikx~9 3W8S‘fx) W) aa_veikxﬂ] ds(x) ds(0)

|x|=R

Analogously, we have that

oW o
/ |:’US E — Wl av :| ds == (Fg7 ]’l)LZ(SZ) :

Taking the limit R — oo yields

ik
0= _W (Fg’Fh)Lz(.SQ) - (g,Fh)LZ(SZ) + (Fg,h)LZ(SZ) . (135)

This holds for all g, h € L%(S%). From this the assertion (a) follows.
(b) We compute

F*F

ik ik ik 2
SS=1-—F||(I+-—=F|=1+-—F—-F"+
( 872 ) ( 8m?2 ) 8m2 ( ) 6474
and thus §*S = I with part (a). This implies injectivity of S and thus also surjectivity
since S is a compact perturbation of the identity. Therefore, S* = S~! and thus also

S&* =1.
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(c) This follows now by comparing the forms of S*S and SS*.

(d) Let g € L*(52) be such that Fg = 0 on S2. From the definition of the far field
operator we note that Fg = v> where v™° is the far field pattern which corresponds
to the incident field v’ (x) = [ exp(ikx - 6) g(6) ds(6), x € R. Rellich’s Lemma 1.2
and analytic continuation imply that the scattered field v* vanishes outside of D.?> From
the boundary condition we conclude that the incident field v vanishes on T, i.e., v’ is
a Dirichlet eigenfunction of —A in D. From the assumption on the wavenumber v has
to vanish in D and thus everywhere by analytic continuation. Expansion into spherical
wave functions by using the Jacobi—Anger expansion (see (1.82) below) yields that g
vanishes on S2. Finally, we show that the adjoint F* of F is one-to-one as well which
proves denseness of the range of F. Indeed, F*g = 0 yields by using the reciprocity
relation (1.27) that

0= (Fg)() = f 0.3 g(0) ds(9) = / U (5, —6) 3@ ds(6),
S2 S2

ie., Fg = 0 with g(0) = g(—0). Injectivity of F yields that g = O and
thus alsog = 0. U

Now we turn to the formulation of the inverse scattering problem for which we will
introduce the factorization methods in Section 1.4.

Inverse Scattering Problem: Given the wavenumber k > 0 and the far field patterns
u®(%,0) for all ,6 € S* determine the shape of the scattering obstacle D!

The following uniqueness theorem, taken from [43], assures that in principle the data
set {u™(%,0) : £,6 € 52} is sufficient to determine D.

Theorem 1.9 For fixed wavenumber k > 0 the far field patterns u®(x,0) for all
%,0 € S? uniquely determine the shape of the scattering obstacle D, i.e., if there are
two obstacles Dy and Dy with corresponding far field patterns u$°(x,6) and u$°(x,0),
respectively, then u°(x,0) = u5°(x,0) for all x,0 € S? implies that D = D».

As in Figure 1.1 we want to illustrate also the inverse scattering problem with two
examples, again in two dimensions. In this case, the far field patterns u* depend on
the two variables % and 6 from the unit circle in R* which we identify with the interval
[0,27]. Furthermore, we identify X = (cos ¢, sin qb)—r with ¢ € [0,27] and the unit
vector 0 with the angle 6 € [0, 27]. Figures 1.2 and 1.3 show contour plots of the real
and imaginary parts, respectively, of the far field patterns for two examples.

The inverse scattering problem is to identify the obstacle D from these plots.

In the first example (Figure 1.2) the contour lines are straight lines, i.e., #°° is constant
along lines of the form ¢ — 6 = const. In terms of the unit vectors x and 6 this can be
written in the form X -6 = const. By the following result of Karp [108] (which is also true
for the two-dimensional case) we conclude that this first example corresponds to D being
a disk. The second example corresponds to a domain D which is certainly not a disk.*

3 Here we make use of the assumption that the exterior of D is connected.
4 This belongs to the domain D of Figure 1.7.
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0 100 200 300 0 100 200 300

Figure 1.3 Real (left) and imaginary (right) parts of u® = u®(¢, 0) for ¢,0 € [0,27]

Theorem 1.10 Let k > 0 and u™ = u®(%,0) for x,6 € S? be the far field patterns
corresponding to some domain D C R3. If

u™(x,0) = u™(Qx, 09)

for all x,0 € S and all rotations, i.e., all real orthogonal matrices Q € R3%3 with
det Q = 1, then D is a ball with center zero.

The proof is a simple consequence of the uniqueness result of Theorem 1.9, see
Section 5.1 of [43].
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Remarks:

(a) We note that by the analyticity of u® with respect to both variables it is sufficient to
require that u{°(%,6) and u5° (%, 0) coincide for all X and 6 from open subsets of § 2
or even from an infinite number of pairs (¢, 6,,). We refer to [130] for more details.

(b) The historically first uniqueness result for this inverse scattering problem is due to
Schiffer (see remark in [138], Section V.5). The proof depends crucially on the com-
pact imbedding property of H(} (G) in L*(G) for any bounded open set G to ensure
that the spectrum of —A in G with respect to Dirichlet boundary conditions is dis-
crete. The analogous argument for other boundary conditions such as the Neumann
boundary condition requires the compact imbedding property of H!(G) in L?*(G)
which holds only under smoothness assumptions on the boundary of G. Since the
argument is applied to G being the (set-)difference of two obstacles D; and D;
smoothness of this difference cannot be assured. Therefore, Schiffer’s proof cannot
be transfered to other boundary conditions. Based on results of Isakov [105] for
penetrable obstacles Kirsch and Kress [124] obtained uniqueness results for several
kinds of boundary conditions.

(¢) Tothe authors knowledge it is an open problem whether the far field patterns u*° (%, 6)
for all X € S? but only one incident wave u'(x) = exp(ikx - 6) uniquely determines
D if no a priori information on D is available. Partial results are known if a priori
information on the obstacle D is available. It has been shown by Colton and Sleeman
in [57] (cf. [43], Theorem 5.2) that the scatterer is uniquely determined by the far
field patterns of a finite number of incident plane waves provided a priori information
on the size of the obstacle D is available. In recent papers by Elschner, Yamamoto,
Liu, and others (see [61, 140]) uniqueness of the inverse scattering problem for one
incident plane wave and polyhedral scatterers is shown.

(d) A similar theorem shows that the scatterer is uniquely determined by the far field
patterns for an infinite number of incident plane waves with distinct wavenumbers
from a bounded interval in R.. . We refer again to [130] for more details.

1.4 Factorization methods

We recall from (1.30) that the far field patterns u°° define the far field operator F :
L2(8%) — L*(S?) by

(Fo)(}) = quO(fc,e)g(e)ds(e), fes?. (1.36)
S2

With respect to the inverse problem, this operator contains the known data. It is the aim
to give explicit characterizations of the unknown domain D by this “data operator” F.
This section is organized as follows. In Subsection 1.4.1 we will derive a factorization
of the operator F in the form

F=GTG* (1.37)
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with some compact operator G and some isomorphism 7 between suitable spaces which
depend on D, of course. This factorization is the basis of all versions of the Factorization
Methods and is responsible for its name. From this factorization we observe already that
the range of the operator F is contained in the range of G. There is a simple — and very
explicit — relationship between the range of the operator G and the shape of D. Let us
first define the operator G.

Definition 1.11 Let the data-to-pattern operator G : H 2(ry - 12(S2) be defined by
Gf = v™>® where v>®° € L*(S?) is the far field pattern of the solution v of the exterior
Dirichlet problem (1.18), (1.19), and (1.20) with boundary data f € H'/*(I), i.e.,
veH ILC(R3 \ D) solves

Av+k*v =0 outside D, (1.38)
v=f onl, (1.39)
and
v . _2
a——tkv:@(r ) forr =|x| > oo (1.40)
r

uniformly with respect to X = x/|x|.

We note that we do not indicate the type of boundary condition by writing Gp;, for
the Dirichlet boundary condition. Later in this chapter (in Section 1.6) we will introduce
the analogous operator for the Neumann boundary condition and denote it also by G.
In Chapter 2, however, we will indicate the type of boundary condition by writing Gp;,
and Gpey, respectively.

Then we have:

Theorem 1.12 Let G : H'/>(I') — L2(S?) be defined by Definition 1.11. Foranyz € R3
define the function ¢. € L*(S?) by

.} = ez e s, (1.41)
Then ¢, belongs to the range R(G) of G if, and only if, z € D.

Proof: Let first z € D and define

exp(ik|x — z|)
v(x) = P(x,2) = m, x¢D,

and f := v|r. Thenf € H'/?(I") and the far field pattern of v is given by
VX F) = e KT e 82,
which coincides with ¢, i.e., Gf = v™>° = ¢, i.e., ¢, € R(G).
Let now z ¢ D and assume on the contrary that there exists f € H!/?(I') with

Gf = ¢,. Let v be the solution of the exterior Dirichlet problem with boundary data
f and v*° = Gf be its far field pattern. Since ¢, is the far field pattern of ®(-,z) we
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conclude by Rellich’s Lemma 1.2 that v(x) = ®(x,z) for all x outside of any sphere
containing D and z. Finally, by analytic continuation’ we conclude that v and ®(-,z)
coincide on R3 \ (D U {z}).

If z ¢ D this contradicts the fact that v is analytic in R? \ D and ®(x, z) is singular
atx = z.

If z € " we have that ®(x,z) = f (x) forx € ', x # z, i.e., the function x — ®(x, z)
is in H'/2(I"). This contradicts the fact that this function is certainly not in H (D) or
H} (R*\D) since VO (x,z) = O(1/|x —z[*) asx — z. O
The main work of the Factorization Methods is to relate the range of G to the known
data operator F' (or some operator which can be derived from F). In this chapter we will
do this in two possible ways which will be presented in Subsections 1.4.2 and 1.4.3,
respectively. Each of these subsections will begin with an abstract result from functional
analysis, formulated in general Hilbert or Banach spaces. Application of this abstract
result to the operators G and F will lead to a precise characterization of the range R(G)
of G by the data operator F'. Combination of this result with Theorem 1.12 will give fairly
explicit formulas for the characteristic function xp of D which will solely be expressed
by quantities computable from F.

1.4.1 Factorization of the far field operator

We recall Definition 1.11 of the crucial data-to-pattern operator G : H 12(ry - L2(8?).

Itis defined by Gf = v™> where v™® € L*(S?) is the far field pattern of the solution v of the

exterior Dirichlet problem (1.38), (1.39), and (1.40) with boundary data f € H 12(m).
Properties of G are collected in the following lemma.

Lemma 1.13 The data-to-pattern operator G : H'/2(I') — L2(S?) is compact, one-to-
one with dense range in L*(S?).

Proof: First, injectivity is a direct consequence of Rellich’s Lemma and analytic
continuation, see Corollary 1.5.

To prove compactness we choose a ball B = B(0,R) of radius R centered at 0
which contains D in its interior. Using the representation (1.26) we can decompose G as
G = G,G; where G, : HY/*(I') = C(3B) x C(3B) and G, : C(dB) x C(dB) — L2(S?)
are defined by Gif = (vlsp, dv/9vyp) and

0

— Y _p(y) eikf"y] ds(y), xeS?,
()

@@M@=/%@

oB

respectively, and where again v denotes the solution of the exterior Dirichlet boundary
value problem with boundary values f. Then G is bounded by interior regularity results
and G, compact which proves compactness of G.

5 Note that it is here where we make use of the assumption that the exterior of D is connected.
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To prove denseness of the range of G we recall the definition of the spherical
harmonics Y, defined by

2n+1 (n— |m)!

T g SO, (142

Y () =Y,"(9,9) =\/
for —n < m < nand n € N. Here (¢, ¢) are the spherical polar coordinates of X € S2
and P} the associated Legendre functions. The spherical harmonics Y," are normalized
such that they form a complete orthonormal system in L?(S?). Furthermore, we denote
by h, the spherical Hankel functions of the first kind and order n € N. We refer to [43],
Sections 2.3 and 2.4, for a brief introduction to these functions. Now we make use of the
fact that every element f in L2(S?) can be approximated by a finite linear combination of
the spherical harmonics, i.e., for every ¢ > 0 there exists N € N and constants ¢} € C
with

N
f—ZZcZ’Y,:” <e.

n=0 |m|<n L2(52)

We choose the origin inside of D and define the function v by

N
k , .
v(x) = o § § M MEDT2 p (kx DY (R), x #0.

n=0 |m|<n

The far field pattern of i, (k|x[) Y, (X) is determined by the asymptotic behavior of h, () as
t tends to infinity and is given by (4 /k) exp(—i(n + D/ 2) Y™ (%) (cf. [43]). Therefore,

N
o0 m ym
v —E E c, Y,

n=0 |m|<n
and thus ||f — v°°||L2(Sz) < ¢. Observing that v*® = Gv|r yields the assertion. [

The operator T in (1.37) will be the adjoint of the single layer boundary operator S :
H~Y2(") - H'Y2(I"), defined by

Se) () = / O y) e ds(y), xeT, (143)
T

where @ denotes again the fundamental solution of the Helmholtz equation in three
dimensions as defined in (1.24). Note that we write this as an ordinary integral although,
strictly speaking, this has to be understood as the bounded extension of the classical
operator S defined on L2(D).

In the following lemma we summarize some of the well-known properties of S which
will imply, in particular, that T in (1.37) is an isomorphism. By (H~1/2(I"), H'/>(I"))
we denote the dual form which, in our setting, is the extension of the inner product of
L2(I"). In particular, this dual form is sesqui-linear, i.e., the mappings ¢ — (@, ¥) and
Y +— (@, ) are linear where the bar denotes the complex conjugation.
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Lemma 1.14 Assume that k? is not a Dirichlet eigenvalue of — A in D. Then the following
holds.

(a) S is an isomorphism from the Sobolev space H=Y2(T) onto HY/2(I).

(b) Im{p,S¢) < O forall ¢ € HV/2(I") with ¢ # 0. Again, (-,-) denotes the duality
pairing in (H~Y2(T"), HY/*(I")).

(c) LetS;bethe single layer boundary operator (1.43) corresponding to the wavenumber
k = i. The operator S; is self-adjoint and coercive as an operator from H~'/2(I")
onto HY/2("), i.e., there exists co > 0 with

(¢.5i9) = collgllfy 1y forallg e HV2(I). (1.44)
(d) The difference S — S; is compact from H='/2(I') into H'/*(T").

Proof: (a) The mapping properties of S in Sobolev spaces are intensively studied
in [144].
(b) Define, for any ¢ € H~'/2(I"), the single layer potential v by

v(x) = /(p(y) O, y)ds(y), x¢€ R3 \T. (1.45)

r

Then v is a solution of the Helmholtz equation in R \ T". From the theory of potentials
with H~1/2(I")—densities it is known (see [111, 144]) that v € H' (D) N H| (R \ D),
that the traces v+ and dv4/dv exist in the variational sense with v+ = S¢ and ¢ =
ov_/dv — dv4/dv. Here, v4 denotes the limit from the exterior (+) and interior (—),
respectively. Therefore, using Green’s formulain D and in Dg := {x eR3\D:|x| <R }

we conclude that

dv— 0
(.S¢) = (o= - T (1.46)
av av
ad
://(|Vv|2—k2|v|2)dx— / Ea—vds (1.47)
r
DUDg lx|=R
1
= //(|Vv|2 — k*|v]?) dx — ik / lv?ds + O (13) (1.48)
DUDpg |x|=R
as R tends to infinity. Taking the imaginary part yields
k
— : 2. 2
Im(p, S¢) = —lel)n;O |v|“ds = _(47t)2 / [v*®°|°ds < 0. (1.49)
x|=R 52

Let now Im(g, Sp) = 0 for some ¢ € H_l/z(F). Then v*° = 0. From (1.49), Rellich’s
Lemma 1.2, and unique continuation we conclude that v vanishes outside of D. Therefore,
S¢ = 0 on I' by the trace theorem. Since S is an isomorphism ¢ has to vanish.
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(c) For k = i the same arguments as above yield
2 2 2 1
(p,Sip) = (|Vv| + |v| )dx+ lv|“ds + O %) R — o0,
DUDg [x|=R

and thus as R — oo (note that v decays exponentially):

0.Si0) = [[[ (1908 + 10P) e = 1015y
R3

The trace theorem and the boundedness of §;” ! yields the existence of ¢ > O and c¢g > 0
with
(0,5i9) = vl = c IS0l = co ol -
(d) This follows from the fact that the kernel of S — §; is of the form

exp(iklx — yl) —exp(—|lx —yD) _
4 |x —yl

lx — yl A(lx — y[*) + B(1x — y[*)

with analytic functions A and B. J

Now we are able to derive the fundamental factorization of F.
Theorem 1.15 The following relation holds between F, G and S:

F=-GS*"G* (1.50)
where G* : [2(§8%) — H~Y2(I") and S* : H=Y*(I') — H/2(T") are the adjoints of G
and S, respectively, with respect to L*(S%) and the dual pairing® (H=Y/2(T"), HY/*(I")).
Proof: As an auxiliary operator we define H : L>(S?) — H'/>(T") by,

(Hg)(x) := /g(e)e”“'@ ds(@), xeTl. (1.51)
52

Hg is the trace on I of the Herglotz wave function (1.33) with density g. Its adjoint
H* : H-Y2(I') — L*(§?) is given by

(H*@) (%) = /w(y)e—”‘f"y ds(y), %eS>. (1.52)
r

We note that by the asymptotic behavior of the fundamental solution H*g is just the far
field pattern of the single layer potential (1.45). The single layer potential (1.45) with
continuous density ¢ is continuous in R3 \ D and thus H*p = GSg, i.e., by a density
argument

H* = GS andtherefore H = S*G*. (1.53)

6 We recall again that in our setting the dual form is sesqui-linear rather than bi-linear, see the remark
preceding Lemma 1.14.
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sy —rF s

G* G

H-12(T) S* H2(T)

Figure 1.4 The factorization F = —G S* G*

Now we observe that Fg is the far field pattern of the solution of the exterior Dirichlet
problem with boundary data

- / 2(0) e ds(0) = —(Hg)(x), xeT.
S2
This shows that
Fg = —GHg. (1.54)
Substituting H from (1.53) into (1.54) yields the assertion. [
We sketched the factorization in Figure 1.4.

Remark: If k2 is not a Dirichlet eigenvalue of —A in D we can solve (1.53) for G and
arrive at the factorization

F=-H*S'H (1.55)

with the explicitly given operator H from (1.51).

1.4.2 The inf-criterion
Motivated by Theorem 1.12 we will now give a first expression of the range of G by
the criterion which depends solely on F. Although not very helpful from the compu-
tational point of view it is nevertheless quite general and will lead to more elegant
characterizations in the forthcoming subsections.

The method is based on the following result from functional analysis.

Theorem 1.16 Let X, Y be (complex) reflexive Banach spaces with duals X *, Y*, respec-
tively, and dual forms (-,-) in (X*,X) and (Y*,Y). Furthermore, let F : Y* — Y and
B : X — Y linear operators with

F = BAB* for some linear and bounded operator A :X* — X (1.56)
which satisfies a coercivity condition of the form: There exists ¢ > 0 with

(9. Ap)| = cllgll}. forallp € R(B*) C X*. (1.57)
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Then, forany ¢ € Y, ¢ # 0,

¢ € R(B) ifandonlyif inf{|(y,Fy)|:¢ eY* (y,¢)=1}>0. (1.58)

Here again, R(B) denotes the range of the operator B : X — Y.
Furthermore, if ¢ = By € R(B) for some ¢y € X then

inf{|(y. Fy)| - ¥ €Y, (Y.¢) = 1} =
Proof: First, we observe that
|, Fy)| = [(B*y,AB*Y)| > cllB*yr |}« forallyr € Y*. (1.60)
Let now ¢ = By for some ¢y € X. For ¢ € Y* with ({,¢) = 1 we have

C
(W, Fy)| = cllB*Y k- = — IB*Vl%+ lpollk
leoll?
2 c
(B Y, 90)|" = —— [(¥, Bpo)|" = ——.
ol 7 ==""" Il

) (1.59)
leoll%

c

2 c
> — |
loolly

This provides the lower bound of (1.59).
Second, assume that ¢ ¢ R(B). Define the closed subspace V := {w e Y* .
(V,¢) = 0}. We show that B*(V) is dense in R(B*) C X*. This is equivalent to the

statement that the annihilators [B*(V)]J' and [R(B*)]J' = N(B) coincide. Therefore,
let ¢ € [B*(V)]L, ie., (B*y,¢) =0forally € V,ie., (y,Bp) =0forall y € V,
i.e., Bp € V+ = span {¢}. Since ¢ ¢ R(B) this implies By = 0, i.e., ¢ € N(B).

_ By a consequence of the Hahn-Banach Theorem one can find ¢ € Y* with
(¢, @) = 1. Choose a sequence {y,} in V such that

B*yr, — —B*¢ asn — oo.

We set ¢, = I/Af,, + qA& Then (Y, ) = 1 and B*v,, — 0. From the first equation of (1.60)
we conclude that

| (W, FYra) | < 1Al IB* Y%
and thus (Y, F,) —> 0, n — oo, which proves that

inf {|(y,Fy)|: ¥ € Y*, (y,¢) =1} =0. 0

In our applications we will often prove the coercivity condition (1.57) with the help of
the following lemma.

Lemma 1.17 Let X be a reflexive Banach space and A, Ay : X* — X be linear and
bounded operators such that

(i) (p,Ap) € C\ (—o00,0] for all ¢ € closure R(B*) with ¢ # 0,
(ii) {@,Aop) is real-valued, and there exists co > 0 with

(0, Aop) = collglly= forall g € R(BY), (1.61)

(iii) A — Ag is compact.
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Then (1.57) holds, i.e., there exists ¢ > 0 with
(0. A0)| = c iy forallp € R(B"). (1.62)

Proof: If there exists no constant ¢ with (1.62) then there exists a sequence {¢,} in
R(B*) with |lgnllx* = 1 and (¢,,A@,) —> 0 as n tends to infinity. Since the unit
ball in X* is weakly compact there exists a subsequence which converges weakly to
some ¢ € closure R(B*). We denote this subsequence again by {¢,}. The compactness
of A — Ag yields that (A — Ag)gn — (A — Ap)g in the norm of X. We conclude that
(@n, (A — Ag) (¢ — ¢)) —> 0. By linearity,

(@ — on, Ao(@ — @u)) = (@, A0(@ — @n)) — (@u, (Ao — A) (@ — @)
+ (@, Apn) — (@n, Ap) .

The first three terms on the right hand side converge to zero, the forth term to (¢, A@).
Assumption (i) implies that ¢ vanishes. Therefore,

collgnllFs < (@nsAopn) < |(@ns (Ao — Agn)| + |(@n, Agn)|

which tends to zero as n — o0o. Therefore, also ¢, — 0 which contradicts the assumption
lenllx+ =1. O

We wish to apply Theorem 1.16 to the factorization (1.50) of the far field operator F'.
We choose ¥ = L*(S?) and X = H'/2(I), identify Y* with L*>(52), and set B = G.
We have to show the coercivity condition (1.62) for A = —S*. This property follows

immediately from the previous lemma in combination with Lemma 1.14 where we proved
the properties of the operator S. We formulate the result as a corollary.

Corollary 1.18 Assume that k? is not a Dirichlet eigenvalue of —A in D. Then there
exists ¢ > 0 with

0. @) = cllgllyy 1y forallp e HVA(T). (1.63)
Here again, (-, -) denotes the duality pairing in (H~'/2(I"), H'/2(I")).
Application of Theorem 1.16 yields the following result.

Theorem 1.19 Assume that k* is not a Dirichlet eigenvalue of —A in D. Then for any
¢ € L*(S?) with ¢ # 0 the following holds:

¢ € R(G) if, and only if, inf{|(¥, Fy¥)2¢s2)| - ¥ € LX(SD), (Y. ) 1252y = 1} > 0,
(1.64)
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where again G : H'/>(I') — L*(S?) is defined by Gf = v™ and v solves the boundary
value problem (1.38), (1.39), and (1.40).
Furthermore, if p = Gf for some f € HY/*(T") then

inf{| (W, FY) 252 | 1 ¥ € L2(SP), (W, )22y = 1} (1.65)

Zoem
”f ||H1/2 )
for some ¢ > 0 independent of ¢.

Combining this with the characterization of Theorem 1.12 of D by the range of G yields
immediately the main result of this subsection.

Theorem 1.20 Assume that k? is not a Dirichlet eigenvalue of — A in D. For any z € R3
define again ¢, € L*(S%) by (1.41), i.e.,

¢ (%) = e fes?
Then z € D if, and only if,
inf{| (. F) | - ¥ € L2(SD), (@, = 1) > 0. (1.66)
Therefore, the characteristic function of D is given by
xp () = signinf {| (Y, FY) 25| - ¥ € L2(S?), (¥, )22 =1}, zeR.

Furthermore, for z € D we have the estimate:

inf {|(W, F) o]+ ¥ € L8P, (0,622 = 1}

c

= 2
||CD(, Z) ”HI/Z(]")

(1.67)

for some constant ¢ > 0 which is independent of z.

Proof: It remains to prove the estimate (1.67). It follows directly from (1.65) and the
observation that ¢, = G® (-, z)|r for z € D (see proof of Theorem 1.12). [

'We note again that the evaluation of the form of xp(z) uses only known information on
the far field operator F. Although satisfactory from the theoretical point of view there is
a major drawback with respect to the computationally point of view since it is very time
consuming to solve a minimization problem for every sampling point z.

We conclude this subsection with the remark that Theorem 1.20 provides an alter-
native — and very explicit — proof of uniqueness of the inverse scattering problem under
the assumption that k2 is not a Dirichlet eigenvalue of —A in D.

1.4.3 The (F*F)'/4-method

As an important observation from Theorem 1.16 we note that the inf-criterion in the char-
acterization (1.58) depends only on F and not on the factorization itself. This observation
leads directly to the first part of the following result (see [71]).

Theorem 1.21 Let H be a Hilbert space and let F : H — H have two factorizations of
the form

F ZBlAlB?< ZBzAsz (1.68)
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with linear operators Bj : X; — H, j = 1,2, from reflexive Banach spaces X; into H
and linear operators A; X — X, j = 1,2, which both satisfy the coercivity condmon
(1.57), i.e.,

(0. Aj9)| = cllgllz- forall g € R(B) andj = 1,2. (1.69)
J

Then the ranges of By and By coincide. If in addition By and By are one-to-one then
By 'Bi and 31_132 are (topological) isomorphisms from X1 onto X, and from X, onto
X1, respectively.

Proof: It remains to prove the second part. From (B 1B1)(Bf1B2) = Ix, and
(BIIBZ) (By lBl) = Ix, we observe that B, 'B; and Blez are algebraical isomor-
phisms. It remains to show that they are bounded. Let ¢; € X; and set ¢ = B, lBlgpl.

Then Bygpy = Big and thus Bogr € R(Bj). In particular, from Theorem 1.16 we
conclude that

—— <inf{|(W.FY)u|: ¥ € H, (. Bap)ns = 1

1%,
— inf {|(B5y, AuBsy)| : ¥ € H, (B3v,¢2) = 1)
= inf{| (¢, A20)| : ¢ € X, (¢,92) = 1}

since the range of Bj is dense in X;. By a well-known result from functional analysis
(application of the theorem of Hahn—-Banach) there exists ¢, € X2* with ||¢2 || xp = 1

and (¢2,¢2) = ll¢2llx,. Choosing ¢ = ¢2/ll¢2llx, in the last estimate yields (since
(. ¢2) =1)
c 1 Azl A2 ]
< —— [(¢2.A200)| < 213, =

lotl, ~ lleally, le2l3, le2ll%,

This yields
A2 2II
lo2lx, = o1 llx,

which proves continuity of B, 'B|. The proof for the continuity of 31_132 follows by
interchanging the roles of B| and B>. [J

As a first application of this theorem we formulate a result for self-adjoint and non-
negative operators F' which will be applied for problems in impedance tomography (see
Chapter 6).

Corollary 1.22 Let F : H — H be a compact and self-adjoint operator from the Hilbert
space H into itself which has a factorization of the form

F =BAB*

with some operator B : X — H (where again X is a reflexive Banach space) and some
self-adjoint operator A : X* — X which is coercive on R(B*), i.e., there exists ¢ > 0
with {(p,Ap) > c||<p||)2(*f0r all ¢ € R(B*). Then the ranges of B and F'/? coincide.
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Remark: The operator F!/2 can be defined by using an eigensystem of F. Indeed,
if A; > 0 are the eigenvalues of the non-negative (!) operator F with corresponding
normalized eigenfunctions ¥;; € H then F has the form

Fy =Y a5 ypuv;. v eH, (1.70)
J

and thus

FV9 =3 /o (b ypu vy, ¥ eH.
J

Proof of the corollary: The operator F' admits a second factorization in the form F =
F'2F1/2 The assertion follows directly from Theorem 1.21 because the operators A
and the identity satisfy both the coercivity condition (1.69). [J

The far field operator F : L*(S?) — L2(S?) for the Dirichlet boundary condition fails
to be self-adjoint and this corollary is not applicable. However, it is normal and — even
more — the operator I + S—F is unitary. For this situation there exists a corresponding
result which we first formulate and prove in the general setting before we apply it to the
factorization of the far field operator.

Theorem 1.23 Let H be a Hilbert space, X a reflexive Banach space and let the compact
operator F : H — H have a factorization of the form

F =BAB*

with operators B : X — H and A : X* — X such that Im{p,A@) # 0 for all
¢ € closure R(B*) with ¢ # 0. Let furthermore A be of the form A = Ag + C for some
compact operator C and some self-adjoint operator Ay which is coercive on R(B*)
in the sense of (1.61). Finally, assume that F is one-to-one and I + irF is unitary for
some r > 0. Then the ranges of B and (F*F)'/* coincide. Furthermore, the operators
(F*F)_1/4B and B_I(F*F)l/4 are isomorphisms from X onto H and from H onto X,
respectively.

Proof: First we note that by Lemma 1.17 the operator A satisfies the coercivity condition
(1.69), i.e., there exists ¢ > 0 with

(9. 49)| = clloly. forallp € R(B"). (1.71)

The unitarity of I 4 irF implies that F is normal. Therefore, there exists a complete
set of orthonormal eigenfunctions y; € H with corresponding eigenvalues A; € C,
j=12,3,...(see, e.g., [168]). Furthermore, since the operator / + irF is unitary the
eigenvalues A; of F lie on the circle of radius 1/r and center i/r. The spectral theorem
for normal operators yields that F has the form (1.70), i.e.,

Fy =Y 5.y ;. Y eH. (1.72)

j=1
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From this we conclude that F' has a second factorization in the form
F = (F*F)Y/* Ay (F*F)'/*, (1.73)

1/4 .

where the operator (F*F)'/* : H — H is given by

(F*F)' My = Z\/w W Vuvy, YeH, (1.74)

J=1

and the signum A, : H — H of F is given by
Ary = Z i - (W Yu Y. Y EH. (1.75)

In order to apply Theorem 1.21 with X, = H and B, = (F*F)'/* we have to show that
also A, satisfies the coercivity condition (1.69) on H.

We set s; = A;/|A;| for abbreviation. From the facts that \Aj — f| = % and that A;
tends to zero as j tends to infinity we conclude that the only accumulation points of the
sequence {s;} can be +1 or —1. This situation is illustrated in Figure 1.5. The main part
of the proof consists of showing that the only accumulation point is 4-1. Before we show
this we define the functions ¢; € X* by

1
= —B"Y;, jeN,
where the branch of the square root is chosen such that Im \/4; > 0. The following
argument proves a kind of orthogonality relation of ¢;:

1
(9j, App) = ——= (B*Y;, AB* )

NN

1 M
———= (Yj, BAB*Y o)y = —— W, ¥olu ,
TN Vi

Figure 1.5 Eigenvalues {};} of F' (left) and s; = A;/|A;| (right)
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ie.,
(¢j,Ape) =585 forj, £ e N. (1.76)
From this condition and (1.71) we conclude that the sequence {¢;} is bounded:
cllgiliz < [(¢5, Agj)| = Isjl =1 forallj.

Now we assume that —1 is an accumulation point of {s;}. Then there exists a subsequence
of {s;} which converges to —1. We denote this by writing s; — —1 again. Since the
sequence {¢;} is bounded there exists a further subsequence such that ¢; converges
weakly in X* to some ¢ € closure R(B*). From (1.76) we have that

(9j. Agj) = (g, Aogj) + (¢, Coj) — —1, j— 0. (1.77)

Since C is compact from X into X * we conclude that C¢; converges to C¢ and thus

(9j» Coj) = (@), Cp) + (9}, Clg; — ¢)) -
The second term on the right hand side converges to zero by the Cauchy-Schwarz
inequality and the first term to (g, C¢) by the weak convergence of ¢; to ¢, i.e.,
(9, Coj) — (9. Co), j— 00.
Comparing the imaginary parts of this and of (1.77) implies that Im(p, Ag) vanishes.
From our assumption we conclude that ¢ has to vanish. Then (1.77) yields that
(9j, Aoyj) — —1

which is impossible since the left-hand side is bounded below by zero. This proves that
the sequence {s;} converges to +1. Now we proceed with the proof of the estimate (1.69)
for Aj.

Lety = Y2 ¢ ¥ with [[[|7; = 222 |¢j|* = 1. We compute

|(A2yr, ¥)u | = Zsjcjlﬂj,zcﬂ/fj = ZS,'ICJI2
J=1 Jj=1 j=1

The complex numberz 1 s]|c] belongs to the convex hullM = conv{s; : j e N} C C
of all numbers s;. We conclude that

|(A2¥, )| = inf{lz] : z € M}.

The set M is contained in the part of the upper half-disk which is above the line £ =
{ts1 +1-nl:te R} passing through s and 1.
The distance of the origin to this convex hull M is given by

1)
inf{|z] : z € M} = inf{|z] :zeﬁ}zsinz, (1.78)

where m — § € (0, ) is the argument of sy, i.e., s = —cosd + isiné (see Figure 1.6).
Therefore, we arrive at the estimate

8
|42y, ¥)u| = sin 3 vl .
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Figure 1.6 The distance from conv{s;} to the origin is positive

Therefore, all the assumptions of Theorem 1.21 are satisfied. It’s application yields the
assertion. [J

We apply this abstract result to the factorization (1.50) with H = L>(S%), X = H'/>(I"),
B = G, and A = —S*. The assumptions on A = —S™* are satisfied by Lemma 1.14.
Furthermore, we note that B = G and (F*F)'/* are one-to-one by Lemma 1.13 and
Theorem 1.8, respectively, if k2 is not a Dirichlet eigenvalue. Therefore we have:

Theorem 1.24 Assume that k? is not a Dirichlet eigenvalue of — A in D. Then the ranges
of G and (F*F)'/* coincide. Furthermore, the operators (F*F)~/*G and G~'(F*F)/*
are isomorphisms from H 172(I") onto L*(S?) and from L*(S%) onto HY/2(T), respectively.

We note that the range of G is expressed by a characterization which depends solely on
the data operator F' — just as in the case of Theorem 1.19. The combination of this result
with Theorem 1.12 yields the main result of this subsection.

Theorem 1.25 Assume that k* is not a Dirichlet eigenvalue of —A in D. For any z € R3
define again ¢. € L*(S?) by (1.41), i.e.,

$:(}) = e fest
Then
z€D & ¢. € R((F*F)'*) (1.79)
-1
— W() = Z |(¢Z’w|’k)L|2<52>| > 0. (1.80)

Here, Aj € C are the eigenvalues of the normal operator F with corresponding
normalized eigenfunctions v; € L2(S?).
Therefore, xp(z) = sign W (z) is the characteristic function of D.

Proof: Itremains to prove the characterization (1.80). We note from the characterization
(1.79) that a point z € R3 belongs to D if, and only if, the equation

(F*F)!/*g = ¢, (1.81)
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is solvable in L%(S?). We write ¢, in spectral form as

b: =Y (V) i2is2) V-
J
From (1.74) we observe that (1.81) is solvable if, and only if, the series

Z ‘(d’z?wj)LZ(sZ)‘
|2l

converges,” and in this case
_ Z (2 1ﬁ])LZ(SZ) v
J VIl '

is the solution of (1.81). Therefore, a point z € R3 belongs to D if, and only if, the series

Z |(¢:. %)L2(s2)|
|2

converges which proves the characterization (1.80). [J

The essential assumption under which the characterization (1.80) had been derived was
the normality of the far field operator F' and the unitarity of the scattering operator S. In
many cases the operator F fails to be normal. Examples of theses cases are “absorbing”
media D or limited angle data u®° (%, 0). If the far field operator fails to be normal not
very much is known about eigenvalues. We refer to [43] for some results. In particular,
a complete set of eigenfunctions usually does not exist. Therefore, the technique of this
subsection does not work. As we will see later, the minimization approach is still appli-
cable but, as we mentioned already, it is very time consuming from the computational
point of view.

Before we modify the approach of this subsection in the next chapter appropriately
we observe that the convergence of the series in (1.80) depends only on the rates of decay
of the eigenvalues |A;| and the expansion coefficients. From the obvious estimate

1
—|IRe Aj| + [ ImAi|| < |Aj| < |Re Aj| + | Im A;]
NG [ J J ] J J J
and the observation that Im A; > 0 we note that we can replace |A;| in (1.80) by | Re A;| +
Im A;. Furthermore, we observe that | Re A;|+Im ; are the eigenvalues of the self-adjoint
and positive operator

Fy =|ReF|+ImF
where the self-adjoint parts Re ' and Im F' are defined by

ReF = %[F—i—F*] and ImF = %[F — F*].
1

7 This is just Picard’s criterion, see [113].
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Therefore, we can replace the operator (F*F W/ 4in (1.81) by F, ;/ 2. We will see in the

next chapters that the characterization (1.81) by F. ; /2 has a much wider applicability.
We continue with the example of D being the unit ball in R>.

1.5 An explicit example

Let D be the unit ball in R3 centered at the origin. We will compute the quantities which
appear in the series (1.80).

First, we expand the incident and scattered fields into spherical wave functions. Let
Jn and A, be the, respectively, spherical Bessel functions and spherical Hankel functions
of the first kind and order n € N and let Y, (x) be the spherical harmonics of order n
normalized such that they form a complete orthonormal system in L2 S 2) (see (1.42)).
The Jacobi—Anger expansion (cf. [43]) has the form

U (x) = 0 = nZZl"]n(kpcl) mE)YmO0), xeR. (1.82)

n=0 |m|<n

Again, the unit vector # € S2 denotes the direction of incidence and ¥ = x/|x|. It is
immediately seen (at least formally) that the scattered field is given by

; Jn(k) Y
u'(x) = —4w Z > r,l,(k) ha(k|x]) Y (R) Y7(@), |x| = 1. (1.83)
n=0 |m|<n
The far field pattern of 1, (k |x|) Y, (X) is again given by (47 /k) exp(—i(n+ 1)7(/2) Y (x)
(compare proof of Lemma 1.13). As shown rigorously in [43] the far field pattern of u*
is derived by the term-by-term asymptotics of &, (k|x|) Y, (%), i.e.,

)
0 =~ S S ) iy 7

n=0 |m|<n

_ ()i i Jn(k)

m m s 2
p n(k)Y ®Y"O), x60¢eS8%. (1.84)

n=0 |m|<n

From this we observe that the far field operator F : L%(S%) — L*(S?) from (1.36) is
given by

A oo (a (4m)% i Jn) e
(Fg)(x):/u (x,6) g(0) ds(9) = p > o & Y"%), xeS?,

52 n=0 |m|<n

(1.85)
where
gZ"=/g(9)Y,$”(9)dS(9), Iml <n, neN,

S2
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are the expansion coefficients of g € L2(S?). From (1.85) we observe that

_ (4m)?i (k)
Tk )’

eN, (1.86)

are the eigenvalues of F of multiplicity 2n 4 1. The asymptotic behavior

k" 1
jnk)y=———"-—(14+0| - , 1.87
o= o (140(3)) (187)
1-3---2n—1) 1
hy(k) = TS (1 + 0O <;>>
yields that
(4m)? k> 1
Ap=— 1+0| - , 1.88
" Q2n— DI Q2n+ D O\ (1.88)
where we used the convenient notation p!! = 1-3-5--.p for any odd number p. Next,

we compute the expansion coefficients of the functions (1.41) by the Jacobi—Anger
expansion (1.82), i.e.,

o
$(®) =T =dx Y N (=) k) Y B VR, kes?,
n=0 |m|<n
where Z = z/|z|. From this we conclude that
(92, Y, 1252y = 4 ()" ju(klz]) Y} (2) -

Using the formula

N 2_2n—|—1
2ol ==

|m|<n

which is a special form of the addition theorem (see [43]) and the asymptotic form (1.87)
of j,(k|z|) we conclude that

k 2n
(klzD S (1+0(/n).

m 2
D@ Y| =4n@n+ 1) [(2n+ DI

|m|<n

Combining this with (1.88) yields

2
(@ ¥y 2+l @a—Dn o I

(o)

[m|<n
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Here we observe directly that the series

(@, Y, )L2<s2>}
Z > ™

n=0 |m|<n

converges if, and only if, |z| < 1, i.e., z is inside D.

2n
We finally remark that if |z| < 1 then the series behaves as )2 ljln m,

i.e., W(z) behaves as 47 (1 — |z|*) as z approaches the boundary of D.

1.6 The Neumann boundary condition

In this section we discuss briefly the obstacle scattering with respect to Neumann
boundary conditions. In the direct scattering problem the incident plane wave u'(x) =
exp(ikx - 0) and the obstacle D C R3 are again given and the total wave u €
C?(R3\ D) N C'(R3\ D) has to be determined with

Au+k*u=0 outside D (1.89)

and the Neumann boundary condition

3
M_0 onT. (1.90)
Jv

Furthermore, the scattered field ¥ = u — i satisfies the Sommerfeld radiation condition

0
8l —iku® = (’)(r_2) for r = |x| > o0 (1.91)
r
uniformly with respect to x = x/|x|.
Again, the scattered field u* satisfies the following exterior boundary value problem
for f = —odu'/dv: _
Givenf € H=V*(I) find v € H,| (R*\ D) such that

Av+k*v =0 outside D, (1.92)
av
—=f onl, (1.93)
av
and
v . 2
a——zkv:(’)(r ) forr = |x| > o0 (1.94)
’

uniformly with respect to X = x/|x|.

The data-to-pattern operator G : H~'/?(I') — L*(5?) is now defined to map f €
H~'2(I) into the far field pattern v>® = Gf of the exterior Neumann boundary value
problem (1.92), (1.93), and (1.94).
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The solution is again understood in the variational sense, i.e., v € H IL C(R3 \l_)) is a
variational solution of (1.92) and (1.93) if it satisfies

//[w Vo — k*uldx = (f, )

R3\D
for all ¢ € H'(R? \ D) with compact support. Here, (-, -) denotes again the dual form
in (H-Y Z(F), HY 2(F)). Existence and uniqueness of this exterior Neumann boundary
value problem is well established, see [183], Lecture 4, [150], Section 2.6, or Chapter 1,
Theorem 2.2.

The far field patterns u® = u®°(x, 0) of the scattered fields u* define again the far
field operator F : L?(S%) — L*(S?) by (compare (1.36))

(Fo)() = /MOO(;c,e) ¢(0)ds®) fori e 2. (1.95)

S2
By literally the same proofs as in Theorems 1.6 and 1.8 one shows reciprocity (1.27) of the
far field patterns, normality of F' and unitarity of the scattering operator S = 1 +eg2 b

Furthermore, F is one-to-one if k2 is not a Neumann eigenvalue of —A in D.3 Also, the
uniqueness result of Theorem 1.9 holds.

The analogous results of Lemmas 1.13 and 1.14 and Theorem 1.15 are formulated
in the following theorem.

Theorem 1.26 (a) The far field operator F : L2(Sz) — L2(8%) from (1.95) has a
factorization in the form

F=—-GN*G* (1.96)

where G : H™V/2(I') — LZ(SZ) maps f € H_I/Z(F) into the far field pattern

® = Gf of the exterior Neumann boundary value problem (1.92), (1.93), and
(1.94), and N : H'/*(I') — H~V/2(I") is the normal derivative of the double layer
potential, defined by

(Nop)(x) = /(y) (y)dS(Y) xel, (1.97)

for ¢ € HY/2(I).

(b) G is compact, one-to-one with dense range in L%(S?).

(c) N is anisomorphism from HY2(TY onto H=V2(I) ifk2 is not a Neumann eigenvalue
of —Ain D.

(d) In(Ng, ) > 0 forall ¢ € HY/*>(T') with ¢ # 0 if k> is not a Neumann eigenvalue
of —A in D. Again, (-,-) denotes the duality pairing in (H_1/2(F),H1/2(F)).

8 k2 is called a Neumann eigenvalue of —A in D if there exists a non-trivial solutionu € C 2 D)ync 1 (D)
of the Helmholtz equation in D such that du/dv vanishes on I



The Neumann boundary condition 33

(e) Let N; be the boundary operator (1.97) corresponding to the wavenumber k = i.
The operator —Nj is self-adjoint and coercive as an operator from H'Y*(T") onto
HYV2T), ie.,

—(Nig, @) = collgllzn forall g € H/A(T). (1.98)
(f) The difference N — Nj is compact from H'2(T) into H=V2(I").

Remark: We note that the classical definition of N¢ by (1.97) makes only sense for
sufficiently smooth densities (i.e., for Holder continuously differentiable functions on I,
see [43]). It can be shown that N has a bounded extension to an operator from H 1/ 2(F)
into H~'/2(I") which we also denote by N (see [144]).

Proof: (a) Analogously to H from (1.51) we define the operator dH : [%(5?) —
H~'2(T) by

(0H)g(x) := %/g(e)e"’“'@ ds(0) = ik/g(@) wx) -0) e ds@), xeT.

52 52
(1.99)
Its adjoint (0H)* : H'/2(I") — L*(§?) is now given by
A . N ki  _ix
(OH) p(x) = —lk/(V(y) X)) e "V ds(y) = /w(y) Bv_(y)e K ds(y)
r r
(1.100)

for ¥ € S2. We note that (9H )*¢ is now the far field pattern of the double layer potential

3 _
v(x)=/§0()’)md>(x,y)ds(y), xe R\ D, (1.101)
r

and dv/dv = Ng provided ¢ € C1*(I") (see [42]). This yields (3H)*¢ = GN¢ and
thus 0H = N* G* by a density argument. Furthermore, we note that F = —G(dH) and
therefore F = —G N*G*.

(b) This follows from similar the arguments as in the proof of Lemma 1.13.

(c) For this property we refer again to [144].

(d) Here we proceed exactly as in the proof of Lemma 1.14. Define, for any ¢ €
H'/2(I") the double layer potential v by

0P (x,y)

v(x) =/<p(y)—’yds(y), xeR\T. (1.102)
v (y)

r
Thenv € H' (D)NH ch (R3\ D) is again a solution of the Helmholtz equation in R3\ T".
The traces v+ and dv4 /dv exist in the variational sense with ¢ = v; — v_ and z{;;_]; =

3’[}4r

= = Ng. Therefore, using Green’s formula in D and in Dg := {x € R*\ D : |x| < R}
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we conclude that

(N, p) =<a—v,v+—v> (1.103)
av
2 2 5 — dvu(x)
— _/ (|Vv(x)| — k*lv(x)| )dx+ / v(x) oy ds (1.104)
DUDg |x|=R
// IVo|? — k*|v]?) dx + ik / |v|2ds+(9< > (1.105)
DUDpg |x|=R

as R tends to infinity. Taking the imaginary part yields

Im{Ng,p) =k hm / |v|2ds—
\x\_R

a )2/|v 1*ds > 0. (1.106)

Let now Im(N¢, ¢) = 0 for some ¢ € H'/?(I"). Again, from (1.106), Rellich’s Lemma
(see Lemma 1.2) and unique continuation we conclude that v vanishes outside of D.
Therefore, N¢ = 0 on I" by the trace theorem. Since N is an isomorphism ¢ has to
vanish.

(e) For k = i the same arguments as above yield

(Nip, @) = // IVol? + [v]?) dx — / |v|2ds+(’)() R — o0,
DUDp [x|=R

and thus as R — oo (note that v decays exponentially):

(Nig, ¢) f Vo) ]* + o)) dx = — IIUllHl(Rz)

The trace theorem and the boundedness of Nfl yields the existence of ¢ > O and c¢o > 0
with

—(Nig, @) =  180/0v13 10y = € INip 512y = €0 101112 -
(f) This follows again from the fact that the kernel of N — N; is smooth. [

Now we proceed exactly as in the case of the Dirichlet problem. Indeed, the functional
analytic Theorem 1.23 is applicable where now X = H Y2T)and X* = HY2(I") and
A = —N*. Moreover, Theorem 1.12 holds also for the Neumann boundary condition.
Therefore, we have the following analogy of Theorem 1.25.

Theorem 1.27 Assume k> is not a Neumann eigenvalue of —A in D. For any z € R3
define again ¢, € L*(S?) by

$.(}) = e M es?,
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Then
zeD = ¢. e R(FP'. (1.107)

Let &; € C be the eigenvalues of the normal operator F with corresponding
eigenfunctions yrj € L*(S?). Then the following characterization holds.
A point 7 € R3 belongs to D if, and only if, the series

i (¢ 1ﬁj)LZ(SZ)|2
— 14
]_

converges, i.e., if, and only if,

—1
W) = Z \(¢Z,1/T,/\)le sl ~0. (1.108)

Therefore, xp(z) = sign W (2) is the characteristic function of D.

Remark: Of course, the function W is different from the one defined in Theorem 1.25.
We do not indicate this by a different symbol.

The characterizations of Theorems 1.25 and 1.27 imply again uniqueness of the
inverse scattering problem if k? is not an eigenvalue of the underlying boundary value
problem in D. It is remarkable that the characterization of the characteristic function
depends only on F' and makes no use of the boundary condition. We will exploit this fact
further down.

1.7 Additional remarks and numerical examples

Before we turn to the presentation of some numerical simulations we want to add some
remarks.

In this chapter we considered the set {uoo(-, 0):0eS 2} of far field patterns as data
for the inverse problem or, equivalently, the far field operator F : L*>(§?) — L?(S?). In
many applications the incident fields are point sources v’ = v'(-,y) given by v'(x,y) =
®(x,y) for y from a surface ¥ which contains D in its interior. The corresponding
scattered fields v* = v°(:,y) are measured on the same surface 3.9 Therefore, the set
{vs y):ye Z} are the data for the inverse problem or, equivalently, the near field
operator Fy : [2(2) > [2(%) given by

Fzo)(x) = /w(y) v(x,y)ds(y), x€X.

)

9 Or even a different one.
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If we define the_“data-to-pattern” operator G : H'/ 2 - LA(Y) by Gf = v|x where
veH ILC(R3 \ D) solves the exterior Dirichlet boundary value problem (1.38), (1.39),
and (1.40) then one can show by the same arguments than above that

Fy =-GS'G

where now S’ : H=/2(I') - HY2(') and G’ : L*(X) — H~Y2(I") are the adjoints
of S and G, respectively, with respect to the bilinear forms (¥, ¢) — /z ¥ ¢ ds for
V,¢ € L*(X) and (¥, p) — (¥, @) for y € H~Y/2(I") and ¢ € H'/>(I"). It is an open
problem how to develop a characterization of D from this type of factorization. In the
stationary case, however, i.e., for k = 0, G’ and S’ coincide with G* and §*, respectively,
and the Factorization Method can be applied. We refer to [8§1, 131]. For the Helmholtz
equation there are several ways to overcome this difficulty with the near field operator.
They all construct operators P from L>(X) into itself such that PFy, or FxP can be
written in the form BTB*. We refer to Section 2.4 where we will develop one possibility
and also to [153] and [121] where in the latter paper a more complicated case (Maxwell’s
equations in a layered medium where X does not enclose D) is treated.

We have presented the analysis in R? only because the fundamental solution ® is
more elementary in three than in two dimensions. In R? the fundamental solution is given
by ®(x,y) = %Hél)(klx — y|) where Hél) denotes the Hankel function of the first kind

and order zero. Hél) has a singularity at zero of logarithmic type. From the asymptotic

behavior of Hél) for large arguments one derives the asymptotics of the fundamental

solution as

_exp(ik|x| + im /4)

T Brkp

uniformly with respect to X = x/|x| and y from compact sets (see [43]).
Sommerfeld’s radiation condition (1.20) has now the form

i s _
D(x,y) = ZH(§”<k|x—y|> K+ O0(x7], Il — oo,

0
2 _ ikv = O(r_S/z) forr = |x| - o0.
ar
To be consistent with the presentation in R we define the far field pattern v> by (compare
(1.25))

exp(ik|x| + i /4)

81k x|

With this normalization formula (1.26) holds, and the far field pattern ¢, of the
fundamental solution ®(, z) is again given by formula (1.41).

All the results of this chapter (with suitably modified proofs) remain valid except
Theorem 1.8 and, of course, Section 1.5. In the definition of the scattering matrix S and
in Theorem 1.8 one has to change the factor k/ (872) into 1 /(4m) as it is easily seen
from the proof. The example of the unit disk in R? can be carried out analogously to the
presentation of Section 1.5.

Now we turn to the presentation of some numerical simulations in two dimensions.
Theorems 1.25 and 1.27 suggest a visualization of D in a very natural way. We have

VX @) + O(x|73?), x| > oco.

v(x) =
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computed the following examples for the Dirichlet boundary condition. The simplest
version is to choose a grid G of points z € R? such that the unknown obstacle is in
the convex hull of the grid points. We assume that we know approximate values aj¢ of
the far field pattern u®(6;,6¢), j,£ = 1,..., M, at equidistantly distributed directions
0; = 2mj/M . Then we compute a singular value decomposition A = U A V* of the
matrix A := (ajg) € CM*M  For each 7 from the grid G we compute the expansion
coefficients of r; = (exp(—ik z - 0]-))].=1 4 € CM with respect to the columns of V' by

M
pP =Y Viee L u=1,...M,
j=1

which is a matrix-vector multiplication p@ = V Tr, of VT and r,. For each z we compute
-1

M |p22)|2
w = _—
() ; ™ }

and plot the contour lines of z — W (z). The values of W (z) should be much smaller for
z ¢ D than for those lying within D.

In the first example D is given as the union of two disjoint obstacles D = D1 U D»,
where D is the ellipse with axes .8, .4, and center (0, 0), rotated by 20 degrees while
D is the “kite” of [43], parameterized by x(f) = (cost + .65 cos(2t) — .65,1.5sin t),
t € [0,2r], then rotated by 70 degrees and shifted to center (3,5). For the second
example we have chosen D to be a triangle with vertices at (0,0), (1,0), and (0, 1).
For both examples we took two wavenumbers k = 1 and k = 5, and computed the far
field pattern u® (Gj, 0@), j,€=1,...,M,for M = 32 incident and observed directions.
Contour plots of W are shown in Figures 1.7-1.10 without noise (left plot) or 1% white
noise added to the data (right plot).

In the third example we have taken real data from the Ipswich dataset provided by
the Electromagnetics Technology Division at Hanscom Air Force Base. The Ipswich

5

Figure 1.7 Function W for the first example with k¥ = 1 and no noise (left) and 1%
noise (right)
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Figure 1.8 Function W for the first example with £ = 5 and no noise (left) and 1%
noise (right)
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Figure 1.9 Function W for the second example with k = 1 and no noise (left) and 1%
noise (right)
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Figure 1.10 Function W for the second example with k = 5 and no noise (left) and 1%
noise (right)
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u
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Figure 1.11 Function W for the third example (real data) with wavelength A = 3

data is single-frequency electric far field data measured using a multistatic system with
multiple views corresponding to different incident angles. A detailed discussion of the
data and the measurement process can be found in [143]. The object is supposed to
be an aluminum triangle. The wavelength is A = 3 which corresponds to wavenumber
k = 27/ A 2.0944. The measured data consist of a matrix A € C3°*3% corresponding
to the angles 6; = 0°,107,...,350°, and for data corresponding to the same angles. We
note that the data carry a considerable amount of noise since [|[A*A — AA*|| ~ 18.72.
Figure 1.11 shows the result.

Recently, Hyvonen in [90] and Lechleiter in [139] presented rigorous mathematical
justifications of the use of finite-dimensional approximations of the data operator for
the impedance tomography problem. Lechleiter’s approach can easily be applied to the
inverse scattering problem. He shows convergence of the noisy W (z) from above to zero
for z outside of D if the noise level goes to zero and the dimension of the incorporated data
goes to infinity in a suitably regularized way. Under certain assumptions the indicator
function remains strictly positive in any compact subset of D.



2

The factorization method for other
types of inverse obstacle scattering
problems

In this chapter we will investigate some examples of inverse obstacle scattering problems
in which the data operator (e.g., the far field operator) fails to be normal. First, we consider
the same inverse scattering problem as in the previous chapter except that the Dirichlet
or Neumann boundary conditions are replaced by an impedance boundary condition. In
physical applications the impedance is complex valued which implies that the far field
operator fails to be normal. In Section 2.1 we prove uniqueness and existence of solutions
of the direct problem. As we will see in Section 2.2 the inf-criterion of Subsection 1.4.2 is
general enough to give a complete characterization of D in terms of the far field operator.
In Section 2.3 we consider the case where the far field patterns u®° (X, 9) are only given
for %,0 from a subset U of the unit sphere S2. Also in this case the inf-criterion is
applicable. In Section 2.4 we investigate the case where our data consist of (near-) field
measurements on some surface ¥ which correspond to point sources on X as incident
fields. We show how one can transform the data in such a way that the inf-criterion
can be applied. This inf-criterion is not very useful from the numerical point of view
as mentioned above already several times. In Section 2.5 we develop a Factorization
Method which is based on a range condition of the type z € D < ¢, € R(F,i/ 2)
rather than a inf-criterion. Here, the operator F can be easily computed from the data
operator. In this way we are able to construct a simple and fast method to treat the
cases of Sections 2.2, 2.3, and 2.4. We finish this chapter with the investigation of the
Factorization Method for a scattering problem where the background medium consists
of the half space {x € R’ : x3 > 0}.

2.1 The direct scattering problem with impedance boundary
conditions

Asin previous chapterlet k > 0 be the wavenumber and D C R3 be an open and bounded
domain with C?-boundary I' = D such that the exterior R3\ D of D is connected. In the
direct scattering problem an incident wave u’ is given and one has to find the scattered
wave u’ € C2(R3\ D) N C'(R3 \ D) such that the total wave u = u’ + u® satisfies the
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Helmholtz equation
Au+k*u=0 2.1)

in the exterior of D and now, different from the previous chapter, the impedance boundary
condition

0
M o au=0 onT. 2.2)
av
Here, v(x) denotes again the exterior unit normal vector at x € " and A € L*(T")
is the given (complex-valued) impedance function. Furthermore, the scattered field u*
satisfies the Sommerfeld radiation condition

ou’ 7S -2
W—lku =(’)(r ) forr = |x] > o0 (2.3)
uniformly with respect to X = x/|x| € S2.

As we mentioned in Section 1.1 the impedance boundary value problem appears in
acoustic obstacle scattering if we suppose that the normal velocity is proportional to the
excess pressure on the boundary of the impenetrable obstacle. In electromagnetic scat-
tering, the impedance boundary condition describes an obstacle, which is not perfectly
conducting, but does not allow the electromagnetic field to penetrate deeply into the
scattering domain, see [43, Section 6.1].

Writing the impedance boundary condition (2.2) in the form

ou’ P ou' ;

— 4+ A =———2u onl

av av
for the scattered field we observe that the scattering problem is a particular case of the
following radiation problem:

Giveng € H™'/%(I"), findasolutionv € H,. (R*\D) of the Helmholtz equation (2.1)
in the exterior of D which satisfies the radiation condition (2.3) and the boundary

condition
ov
— 4+ Av=g onl. 24)
ov

The equations (2.1) and (2.4) are again understood in the variational form, i.e.,

veH l})c (R3 \ D) satisfies the variational equation
//[Vv-VJ—kZUE]dx—/AUst=—(g,x[f) (2.5)
R}\E r

for all ¥ € H'(R3 \ D) with compact support. Here, again, (-, -) denotes the dual form
in the dual system (H_I/Z(F), HI/Z(I)). A well-known regularity result (see, e.g., [70])
yields that v is analytic outside of D. Therefore, the radiation condition (2.3) is well
defined.
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Uniqueness of the scattering problem can be shown by Green’s theorem just as in
the case of the Dirichlet boundary condition, see below (Theorem 2.2). The proof of
existence can be done by variational approaches (cf. [150] or [126] for the Dirichlet
boundary condition) or by an integral equation method. We decided to sketch the latter
approach since we were not able to find it in any monograph. The boundary integral
equation method for L> — impedances A and boundary data g € H~'/?(I") uses the
following surface potentials for ¢ € H~Y2(I") and ¢ € H'/2(I'):

o(x) = / P D) dsy), x¢ T, 2.6)

wx) = /¢(y) a—()cb(x Yds(y), x¢l. 2.7)

The integral in (2.6) has to be understood in the dual system (HY2(T), H'/2(IM)).
Here, @ is again the fundamental solution of the Helmholtz equation, see (1.24). The
functions v and w are called single layer potential and double layer potential with density
Y and ¢, respectively. In the following lemma we collect the most important properties
of these potentials. Some of them are used already in the previous chapter (see, e.g.,
Lemma 1.14 and Theorem 1.26).

Lemma 2.1 Let v and w be defined in (2.6) and (2.7) for v € H=Y2(I") and ¢ €
H'/2(I), respectively.

(a) v|lp,w|p € HY(D) and U|R3\5, W|R3\5 e H! (R3 \D) and these restrictions

loc
solve the Helmholtz equation (2.1) in D and in R3\D, respectively. Furthermore, the func-
tions v and w satisfy the Sommerfeld radiation condition (2.3). The traces v+, dvy /v,
w4, and 0wy /dv on T exist and are given by

vp = Sw e H'/*(I), (2.8)
88”—* =F5 w +D'y e H'2(D), (2.9)
Wi :i§¢+1)¢ e H'/2(I), (2.10)
Iws _ N¢ e HV2(I). (2.11)
v

Here, S, D, D' and N are given by the extensions of the boundary integral operators

SY)(x) =/W(y)<1>(x,y) ds(y), xel, (2.12)

DY) (x) = /%ﬁ(y) a—()fb(x Yds(y), xel, (2.13)
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D'Y)(x) = /W(y) a—()CD(x y)ds(y), xeTl, (2.14)

(N)(x) = / 60) 8—()d>(x ds(y), xel. 2.15)

to densities € H=Y*>(I") and ¢ € H'/*(I").

(b) The operators S, D, D' are bounded from H=Y2(T") to HY2(T') and N is bounded
from H'Y2(') to H=/2(T"). They satisfy the following commutation relations:

1 1
NS:(D’)2—ZI, SN=D2—ZI, DS =SD', D'S=SD. (2.16)

(c) If k* is not a Dirichlet eigenvalue of —A in D then S is an isomorphism from
H~Y2(") onto H'/>(I"). If k? is not a Neumann eigenvalue of —A in D then N is an
isomorphism from HY2(T) onto H~1/2(I).

For a proof we refer to [144].

Theorem 2.2 Let k > 0 be a fixed frequency and A € L>°(I") complex valued such that
Im X > 0 almost everywhere on . Then there exists a unique radiating solution of the
direct scattering problem (2.1), (2.4) in the sense of (2.5).

Proof: First we prove uniqueness. Letv € H, li)c (R3\ D) be a solution of (2.5) for g = 0.

We choose R > 0 such that D is contained in the ball B(0,R) and fix a real valued
function ¢ € C®(R3) with ¢ = 1 for |x| < Rand ¢ = O for |x| > R+ 1. Substituting
Y = v in (2.5) yields

o://[}vU|2—k2|v|2]dx+ // [Vo - V(gD) — kK29 |v|2]dx—/,\|v|2ds.

|x|<R R<|x|<2R

By well-known regularity results the solution v is smooth in the region {x : R <
|x| < R+ 1}. Therefore, the second volume integral can be written as

ov
v—ds
ov
|x|=R

by Green’s first theorem. (Note that ¢ = 1 for |[x] = Rand ¢ = O for |x] = R+ 1.)
Taking the imaginary part yields

ad
Im / Ea—vds:/lmklv|2ds20.
v

|x|=R r

Now standard arguments in the proof of uniqueness for classical solutions (see [43,
Theorem 10.8]) yield that v vanishes for |x| > R and thus, by analytic extension, also in
the exterior of D.!

' Here we use again the fact that the exterior is connected.
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To prove existence we make the following ansatz for a solution (with density ¢ €
H=Y2()):

u(x) = / [wm ®(x,y) + i (DD'Y)(y) %(yfb(x,y)} ds(y), x¢D. (2.17)
r

Here, D denotes the conjugate of D and is defined by Dyy = Dy. We note that by
Lemma 2.1 D’ is a bounded operator from H —1/2(I") into HY2(I") and D is compact in
H'/2(I"). Therefore, DD’ is compact from H ~1/2(I") into H'/2(T"). The field u is the sum
of the single layer potential with density ¥ € H~!/2(I") and the double layer potential
with density iDD'yy € H'/2(I"). It follows from Lemma 2.1 that u satisfies the boundary
condition (2.4) if, and only if, v satisfies Ry = g where R : H~Y/>(I') — H~'/2(I") is
defined by

Ry = (D’ — %1) ¥ +iNDD'y + A [sw +i (D + %1) BD/w} ) (2.18)

R is a Fredholm operator of index zero because all operators D', NDD/, S, and
(D + %1 ) DD’ are compact from H ~1/2(I") into itself.

As a next step we prove injectivity of R. Let ¢ € H~'/2(I') satisfy Ry = 0, i.e.,
the potential u, defined by (2.17) in all of R? \ T, satisfies the homogeneous impedance
boundary value problem (in the sense of (2.5))

3
%sz@:o onT. (2.19)
V

The uniqueness result implies u = 0 in the exterior of D. Applying the jump conditions
of Lemma 2.1 we get

u_=u_—uy =—iDD'y,
ou—  du—  Jduy
v v e

u_

!
4
S|
S

N

(o))
D
2|8

N—"

We note that u satisfies the variational equation
— 5 du_
[Vu-Vy — k> uy]dx = 4
v
D

for all € H'(D). Substituting ¥ = u and taking the imaginary part yields

du_ ou_ — ,0u_ ,0u_
O=Im(—,u_)=Re{—,DD'— )= |D'—
ov av ov ov

2

LX(I)
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where we have used that D and D’ are L? — to each other. This yields D’ag’—‘j = 0, thus
D'y = 0 and therefore u_ = 0 on I". Using the jump conditions again yields

e 1]
V=S =5V tDY =5y

which yields that ¢ vanishes on I'.

Therefore, we have shown that the operator R : H -2(ry - H=Y2(T) is one-
to-one. Application of the Fredholm alternative to the operator R yields that R is
also onto and, moreover, an isomorphism from H -l 2(F) onto itself. Therefore, the
equation (2.18) has exactly one solution v for every g € H~'/2(I") and v depends
continuously on g. [J

We recall from the previous chapter that any radiating solution v of the Helmholtz
equation has the asymptotic form

__exp(ik|x|)

v(x) = V>R 4+ O0(x|7H, x| > oo, (2.20)

47 |x|
uniformly with respect to ¥ = x/|x| € S2. The function v> : §*> — C denotes again the
far field pattern of v. As in cases of the Dirichlet and Neumann boundary condition, the
far field pattern for the scattering problem with plane wave

W) =ul(x,0) = *?, xeR3, (2.21)

as incident field depends also on 6 € S2, and we indicate this dependence by writing
u®(x,0). The far field operator F = Fjy,;, is then defined by

(Fimp ) (%) = /uoo(fc,é) p®)ds®), xe s2. (2.22)
S2

The previous theorem guarantees again the existence of the data-to-pattern operator
G = Gimp : H7V2(') — L*(5?) defined by

Gimp g = v, (2.23)

where v™° is a far field pattern of the radiating solution of the exterior impedance boundary
value problem (2.1) and (2.4) in the sense of (2.5).

Within this section we will indicate the type of boundary condition by writing Fip,
and G if necessary.2

Itis convenient to relate the operator Gy, to the corresponding data-to-pattern oper-
ator Gp;, for the Dirichlet boundary condition. To formulate this relationship we have
to define the exterior Dirichlet-to-Neumann operator. We use the symbol A~! for this
operator because we reserve the symbol A for the Neumann-to-Dirichlet operator (com-
pare Chapter 6). Therefore, A : H=Y2() - HY2(I) is defined by Ag = u|r where u

2 We will omit this subscript in cases where no misunderstandings can occur.
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solves the exterior Neumann boundary value problem with boundary data g € H~'/%(I).
Then its inverse A~! is given by

81}+
— o0
av
where v denotes the unique solution of the exterior Dirichlet boundary value prob-
lem (2.1) in R3 \ D and (2.3) with v = f on I"'. We refer to the previous chapter and, in
particular, to Theorem 1.1. We understand the normal derivative again in the variational
sense, i.e.,

ATl = nl (2.24)

(AT y) = —//[w VY — ko] dx (2.25)
R3\D

for all v € H'/2(I"). Here we denote by v also an arbitrary extension of i to a function
in H'(R3 \ D) of compact support. It can be shown that the definition of A~! does not
depend on this extension.

The following properties are well known:

Theorem 2.3 (a) The Neumann-to-Dirichlet operator A is an isomorphism from
H~Y2(") onto HY/*(T").

(b) The operators S, N, A, and A~ are self-adjoint with respect to the bilinear
forms (Y, @) — [ Yods, and D' is the adjoint of D with respect to this bilinear form.

Proof: (a) Existence, injectivity, and surjectivity of A~! follow directly from the exis-
tence theorem for the exterior Dirichlet and Neumann problems, see Theorems 1.1,
and 2.2 (the latter for the case A = 0). In particular, from the ansatz (2.17) and
equation (2.18) we note that

A = (S +iDD' +iDDD')R™"
where R is given by (2.18) for A = 0.
(b) The properties for the boundary operators are just seen by changing the orders
of integration. For A this is just Green’s second formula, combined with the obser-

vation that fr [v ow/dv — wav/ Bv]ds = 0 for radiating solutions of the Helmholtz
equation. [J

Now we can express Gjy,p by the corresponding data-to-pattern operator Gp;, for the
Dirichlet boundary condition.

Theorem 2.4 Let ). € L*°(T") be a given impedance function with Im A > 0.
(a) The data-to-pattern operators Gp;y and Gy, satisfy

Gpir = Gimp (A" 4 1D), (2.26)

where A~1 + Al is an isomorphism from HY2(T) onto H~Y2(). In particular, the
ranges of Gpir and Gy coincide.
(b) Gimp is compact and one-to-one.
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Proof: (a) Consider the exterior Dirichlet boundary value problem with v = f on T'.
Then v solves also the impedance boundary value problem (2.4) with g = dv/dv+Af =
A~'f 4 Af. Therefore, for the far field pattern v™ of v we have

v = Gpirf = Gimp & = Gimp(A™" +ADf ,

which implies (2.26).

The inclusion operator I : H'/2(I') — H~Y2(I") is compact which implies by
Theorem 2.3 that A~ + Al is Fredholm with index zero. Also, A~! + Al is one-to-one,
because Gp;, is one-to-one, see Lemma 1.13. Therefore, we conclude that A~! + A7 is
an isomorphism.

(b) The compactness and the injectivity of Gjyp, follows from part (a) and the
compactness and injectivity, respectively, of Gp; by Lemma 1.13. [

We list now some of the main properties of the far field operator (2.22).

Theorem 2.5 Let k > 0 be a fixed frequency and ). € L°°(I") be a given impedance
SfunctionwithIm A > 0. Let F = Fy,, be the far field operator for the scattering problem
with impedance boundary condition.

(a) The far field pattern satisfies the reciprocity relation

u™(=%,0) = u™(-0,%) forallx,0 € §* (2.27)
which is equivalent to the identity
F*=JFJ (2.28)

where J : L*(S?) — L*(S?) is the self-adjoint involution (Jg)(6) = g(—0), and the
conjugate F is again defined by Ff = Ff.

(b) Let v(-,y) = v(x,y) = ©(x,y) + v5(x,y) be the to_talﬁeld which corresponds to
the incident field V' (-,y) = ®(-,y) at source point y ¢ D. Then there holds the mixed
reciprocity principle

v>®0,y) = u*(y,—0) foralld € S*,y¢D. (2.29)

(c) F is compact.
(d) F satisfies the relations

Kk pep

F—F F*F = 2iR, (2.30)
872
. ~

F* —F—i—#FF* — —2iJRJ, 2.31)

where R : L*(§%) — L*(S?) is the self-adjoint non-negative operator given by

(Rh)(fc):/ f(lm A)) u(y,0) u(y,%),ds(y) | h(6)do, tes?. (232

sz \I'
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Here again, u(-,0) = u'(-,0) + u(-,0) denotes the total field corresponding to the
incident plane wave u' (compare (2.21)).
(e) The scattering operator

ik

S=1+-—F 2.33
- (2.33)
is subunitary and satisfies
k
S*S=1—- —R,
42

where the operator R from (2.32) is non-negative. In particular, if A is real-valued, the
far field operator F is normal and the scattering operator S is unitary.

(f) Assume that there exists no Herglotz wave function which solves the boundary
value problem in D with homogeneous impedance boundary condition. Then F is one-
to-one and has dense range in L*(S?).

(g) Under the assumption of (f) Im F is strictly positive and

k

Im (FY, 91252 = 1o 1PV sz, > 0 (2.34)
k

Im (FY, ) 1252 = T IF "Vl jas2) > 0 (2.35)

forany r # 0.

Proof: The reciprocity principles of (a) and (b) hold for all types of boundary conditions.
We refer to Theorem 1.6 for the Dirichlet boundary condition and to [43, 160] for other
types.

(c) This follows from (2.40) below and the compactness of Giyyp.

(d), (e) We refer to Section 3.1, Theorem 3.3 below where we will consider a more
general relation for the case of mixed boundary conditions.

(f) The proof follows the lines of the corresponding proof of Theorem 1.8, part (d).

(g) The relations (2.30), and (2.31) imply

1 ik

1 .

k
Torn2 ”F(o”iz(sz) + Rp, ) 1252y
Im (Fo, ) : ik FF* +2‘J*RJ>
m , ==\l i ,
@, ¢ L2(S2) 2i 87[2 (2% L2(S2)

= 16722 ||F*‘P||22(52) + (RJ(P,Jﬁl’)LZ(SZ) .

This completes the proof, because the operator R is non-negative. [
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2.2 The obstacle reconstruction by the inf-criterion

In the previous chapter we introduced two algorithms for finding the support of a sound-
soft or sound-hard scatterer from the far field operator. Both of them are based on a
factorization of the kind F = —GTG™ of the far field operator with some coercive
operator 7 which was the adjoint of the single layer potential or of the normal derivative
of the double layer potential, respectively. While the inf-criterion (1.66) characterizes
the unknown domain by computing the infimum of a certain functional the (F*F)!/4-
method (1.80) exploits the normality of the far field operator F' and makes use of a second
and very natural factorization of F in the form

F =/|F|(signF)/|F|.
Here, /[F| = (F*F)!/4 is self-adjoint and sign F is given by
Aj

o Wiy Vi e L*($%),
]

o0

(sign )y =

j=1

in terms of the eigensystem (A;, ¥;) of F, see (1.75). This second factorization is only

possible for normal far field operators which is the case for the Dirichlet or Neumann

boundary value problems. For the impedance boundary condition, however, the far field

operator fails to be normal in general (except of the case of a real-valued impedance)

because the operator R in Theorem 2.5, (d) does not vanish. Hence, we can not expect

the square root algorithm to hold in the form (1.80). However, the inf-criterion is appli-

cable in the impedance case as well, see [76]. To prove this criterion we first derive the
factorization of Fjy, in the form F = -G T*G".

For the proof of the factorization we need again the following two operators H :

L2(S%) — H'Y2(S?) and 0H : L2(S%?) — H~1/2(§2), defined by (1.51) and (1.99),

respectively, i.e.,

(Hy)(x) =/1/f(9)e”<9*ds(9), xel, (2.36)
SZ

OH)Y (x) = ;—v/w(e)e”‘@'x ds(0), xeT. (2.37)
SZ

Theorem 2.6 Let again A~ be the exterior Dirichlet-to-Neumann operator, defined
in(2.24)andS : H-Y3(I') - HY2(T) the single layer boundary operator of Lemma 2.1
(see also (1.43)). Then the following factorization holds:

Fimp = —=Gimp Tiyy, G, (2.38)

imp ~imp

where Gip : H~V2(I') — L*(S?) has been defined in (2.23) and Ty : H'/*(I') —
H~Y2(T") is given by

Timp =N +i(Im )] + D'A+ 1D+ LSk, (2.39)
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Timp is a Fredholm operator of index zero. Ty, is even an isomorphism if k2 is not an
eigenvalue of — A on D with respect to the impedance boundary condition.

Proof: First we note that
Fimp = —Gipp (0H + AH) . (2.40)

Indeed, from the definition (2.22) of the far field operator we observe that Fj,, ¢ is the
far field pattern of the radiating solution v with the impedance boundary condition

3 3 .
8—“ +Av=— (a_ + )\) f(p(@) "% ds) = —(0H)p —AH¢ onT
vV vV
S2

which proves (2.40).
Now we consider the adjoint (0H + AH)* of dH + AH which is given by

(OH + AH)*o(R) = / [—

otk + )L_(y)e—ikfc-,v:| () ds(y), Xe 52,
J ()

The right-hand side is the far field pattern v*° of the potential

0 —

v(x) = / [—q)(x,y) + 1) <I>(x,y)] e ds(y), x¢l'. (241)
J ()

The jump conditions (2.8)—(2.11) yield

8’U+ l— ;= l —

= T Avp =[Ny — M +D ()] + A[Etp + Do + S(hp)]

and thus v*™° = Gy f, i€,

f =

(OH + AH)* = Gimp Timp (2.42)

with Ty, given by (2.39). Solving for (0H + AH) and substituting this into (2.40)
yields (2.38). The difference T;y, — N is compact from H'/2(T") into H~'/2(I") since S,
D, D', and the imbedding / are compact. This proves that T}, is a Fredholm operator
of index zero since N has this property. Finally, we show that Tj,,, is one-to-one if k?
is not an eigenvalue of —A in D with respect to the impedance boundary condition. Let
Timp ¢ = 0 and define v as in (2.41). Then dv4 /0v + Avy = Tyyp @ = 0 on I' and thus
v = 0 in the exterior of D by the uniqueness of the exterior impedance boundary value
problem. The jump conditions (2.8)—(2.11) yield again

V- =U_—Up =@,

dv—  dv_ vy —

W_ av av

Eliminating ¢ yields 80_/dv +Ao_ = 0 on I'. From our assumption on k> we conclude
that v vanishes also in D and thus also ¢ = 0. [J
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Remark: In the case of the Neumann boundary condition, i.e., where A = 0, this
coincides with the factorization (1.96), i.e.,

* vk
FNeu = _GNeu N GNeu .

The next step toward the inf-criterion is the verification of the coercivity of the operator
Timp in the factorization (2.38).

Lemma 2.7 Let k > 0 be a fixed frequency and ) € L*(T") a given impedance with
Im A > 0 on I. Assume that k* is not an eigenvalue of —A in D with respect to the
impedance boundary condition with impedance ). Then the operator Tiyy, from (2.38) is
coercive, i.e., there exists ¢ > 0 with

[(Timp 0, 0)| = cll@lyiopy Sorallp € HA(T). (2.43)
Proof: Combining the previous theorem with Theorem 1.26 we note that T}, can be
written as Tjy,, = N; + C where C is compact and N; denotes the normal derivative of
the double layer potential (2.15) for wavenumber k = i. From Theorem 1.26 we also
know that N; is self-adjoint and coercive. Therefore, in order to apply Lemma 1.17 to
the operator —7j;,, we have to check that (@, Tiyp ¢) ¢ R for ¢ # 0.
This is a consequence of (2.34), (2.38) and the injectivity of the operators T, and
Gimp- Indeed, first we note from (2.34) and (2.38) that

0 IEY 17252y < IMEY, )52 = = IM(T* Gy, G*)

=Im(T G*¢, G* ) (2.44)
where we have dropped the subscript “imp” for simpler notation. The range of G* is dense
in H'/2(I") because of the injectivity of G by Theorem 2.4. Therefore, we conclude that
Im(T¢,p) > 0forall p € H'/2(I').

Let now ¢ € H'/2(I") with Im(T'¢, ) = 0. Again, since the range of G* is dense
there exists a sequence ¥, € L2(S?) with G*v,, — ¢. From (2.44) we conclude that

k 2 * *
e IVl ) < Im(T G™0. G ).

Since the right hand side converges to Im(T'¢, ¢) = 0 we have shown that Fy, — 0 in
L?(S?) as n tends to infinity. Furthermore, for any ¥ € L?(S?) we have that

<T* G*I/fn,G*l/f> = —(Fwn,llf)LZ(SZ) —> 0
The left-hand side converges to (T*¢, G*Y) and thus (T*p, G*¢) = O for all ¥ €

L?(S?). From the denseness of the range of G* we arrive at T*¢ = 0 and thus ¢ = 0 by
the injectivity of 7% = T . [

imp*

<
~ 1672

Remark: No eigenvalues k? with respect to the impedance boundary condition exist if
there exists an open set U C R3 such that Im A > 0 almost everywhere on U N I". This
is seen as follows. Let v € HY(D) be an eigenfunction, i.e., v satisfies (compare (2.5))

/f[w-vw—k%ﬂdx—fmwdszo (2.45)
D r
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for all Y € H'(D). Setting ¢ = v and taking the imaginary part yields
/(Im A) |vltds =0
r

and thus v = 0 on U N T'. Now we define v by 0 in U \ D and show that the extended
function v satisfies the Helmholtz equation in D = D U U. Indeed, for functions ¥ €
H(} (D) we have that

/D/[VU'VE_ICZUWCJXZé/[vv'Vw_k%w]dxzr/)»vEds:o,

Therefore, this extension of v satisfied the Helmholtz equation Av+k*v = 0in D. Since
it vanishes on U \ D an analytic continuation argument yields that v = 0in D. Therefore,
in this case the interior impedance boundary value problem has no eigenvalues, and the
operator T, is coercive for all k > 0.

Now we are ready to formulate and prove the inf-criterion, following the lines of
Section 1.4.2, Theorem 1.20.

Theorem 2.8 Assume that k* is not an eigenvalue of —A in D with respect to the
impedance boundary condition with impedance . € L*°(I") with Im . > 0. Then for
any point z € R the following inf-criterion holds

zeD = inf||Fmp¥. V2| 1 ¥ € LS, @222 =1} > 0.
(2.46)

Here again, ¢. € L*(S?) is given by
¢.(0) =e %0 9 es?. (2.47)

Proof: From Theorem 2.4 we conclude from that the ranges R(Gp;,) and R(Gjpp) of
Gpir and Gjy,p, respectively, coincide. According to Theorem 1.12 a point z belongs to
D if and only if ¢, € R(Gp;,). Therefore, the function ¢, belongs to the range R(Giyp)
if and only if z € D.

Now we apply again Theorem 1.16 to the factorization (2.38) and note that T}, is
coercive by Lemma 2.7. [

Remark: As already mentioned, in the case where Im A(x) > 0 on U NI for some open
set U C R? the interior impedance boundary value problem in D has no real eigenvalues
(see the previous remark), and the inf-criterion (2.46) holds for all k > 0.

2.3 Reconstruction from limited data

Now we consider the case when only partial data are available, i.e., u> (%, 0) for x,0 €
U. Here, U denotes some subset of S with nonempty interior (relative to $2). For



Reconstruction from limited data 53

convenience, we assume that U C S? itself is already an open set. We define the limited
aperture far field operator Fy, : [2(U) — L*(U) as the integral operator

(Flap)(X) = /uoo(fc,G) e@®)do, xeU, ¢pel*U), (2.48)
U

where u™ is the far field pattern corresponding to one of the boundary conditions con-
sidered so far, i.e., either the Dirichlet boundary condition or the impedance boundary
condition which includes the Neumann condition as a special case. The definition of F,
can be rewritten as

Fia = PyFPy;, (2.49)

where ' = Fp; or Fjy, is the far field operator and Py : LZ(SZ) — L2(U) is the
restriction operator Pyg = ¢|y. The adjoint P}, : L>(U) — L*(S?) is given by the
extension, i.e., (P;;¥) () = ¥ (0) for 6 € U and (P};¥)(#) = 0 otherwise.

Numerical simulations indicate that the far field operator (2.48) is not normal, even
in the case of Dirichlet or Neumann boundary conditions, unless U = § 2, Therefore,
the square root characterization (1.80) is not expected to hold. The inf-criterion (2.46),
however, is general enough to give a complete solution of the inverse problem from the
limited aperture and even from discrete data.

We define the data-to-pattern operator Gy, by

G, =PyG, (2.50)

where G denotes one of the operators Gp;» : H'/2(T') — L*(S?) or G : H~V/*(I') —
L? S 2), respectively. In the following theorem we list the main properties of Fy, and Gy,
which are essential for the validity of the inf-criterion. For the sake of simplicity, we
omit the subscripts which indicate the boundary condition because the assertions hold
for all types, i.e., Dirichlet or impedance boundary condition.

Theorem 2.9 Let k > 0 be not an eigenvalue of —A in D with respect to the corre-
sponding boundary condition. For the impedance boundary condition we assume also
that Im A > 0 on I". Then the following assertions hold.

(a) Gy, and Fy, are compact, injective, and have dense ranges in L*(U).

(b) The factorization Fi, = —G,TG}, holds with the same T as for the corresponding
complete data operator F. In particular, T is coercive.

Proof: (a) The compactness of G, and Fj, follows from the compactness of G and
F, respectively. Injectivity of Gy, and Fj, follows from the injectivity of G and F,
respectively, and the fact that the far field patterns are analytic functions on the sphere.
Indeed, Py Gf = 0 implies that v* = 0 on U and therefore, since U is open relative
to S2, v*° = 0 on all of $? which means that Gf = 0. Denseness of the ranges of
Gy, and Fy, follows directly from the corresponding denseness properties of G and F,
respectively, since Py is onto.

The factorization (b) follows immediately from the corresponding results for the
complete data by the definitions (2.50) and (2.49), respectively. [J
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The following lemma relates the unknown obstacle D to the range of the operator G;
and corresponds to Theorem 1.12.

Lemma 2.10 Let ¢, € L*(S?) be defined by (2.47). Then the restriction ¢.|y = Py¢.
belongs to the range R(Gy,) of Gy, if and only if z € D.

Proof: As we know already, z € D if and only if ¢, € R(G). This implies immediately
that Py ¢, € R(Gy,) if z € D. The reverse statement follows again from the analyticity
of Gf on $2. Indeed, Py ¢, € R(Gy,) implies ¢, = v on U for some far field pattern
v®° = Gf and thus by analyticity ¢, = Gf which implies that z € D. [J

Now we can prove the main result.

Theorem 2.11 Under the assumptions of Theorem 2.9 the following inf-criterion holds
(for any of the boundary conditions):

zeD &= inf{|Fu¥. Ve v e LXU), (@), =1} > 0.

Proof: We combine the previous Lemma 2.10 with Theorem 2.9 and Theorem 1.16 and
take for X the same space as for the corresponding complete data problem (i.e., H'/?(I")
for the Dirichlet boundary condition and H ~1/2(T") for the Neumann and the impedance
boundary condition). Furthermore, we set Y = [*(U),B=GandA=T. O

2.4 Reconstruction from near field data

In this section we will investigate the following scattering problem. Let Q2 denote an
open bounded connected domain which contains D. Assume that k2 is not a Dirichlet
eigenvalue for the operator — A in 2. Consider again the scattering problem with a point
source u' (-, y) = ®(-,y) as incident field for any of the boundary conditions of Dirichlet
type, Neumann type, or impedance type. Therefore, for the direct scattering problem an
incident point source v’ (-, y) is given where y is a some point on the boundary ¥ = 9Q
of €2, find a radiating scattered wave v*(-,y) € C 2(R3\ D) N C(R3?\ D) such that the
total wave v = v’ + v* satisfies the Helmholtz equation (2.1) and one of the boundary
conditions (1.16), (1.90), or (2.2).

Definition 2.12 (a) We call the set {v°(x,y) : x,y € 02} the point source data. Recalling
the notion ¥ = 92, the near field operator Fy, : H~Y2(2) — H'Y2(X) is given by

(Fsh)(x) = /U‘Y(x,y) h(y)ds(y), xeX. (2.51)

z

The (near field) inverse problem is to reconstruct D from Fy.
We note that the kernel of the integral operator Fy; is smooth. For h € H~!/2(Z) we
understand the integral again as the dual form (h, v5(x, -)) in (H~Y/2(X), H'/?>(%)).
Our method of solving this problem is to convert the near field data into far field data
and thus to reduce the near field inverse problem to the visualization problem considered
in the previous section. This can be done by using the operators Sy : H~/2(X) —



Reconstruction from near field data 55

H'2(X) and Hy, : L*(S?) — HY%(X) defined in the previous chapter, Section 1.4.1
with respect to the domain €2. We recall the definitions for the convenience of the reader:

Sz o)) = /@(V) Q(x,y)ds(y), xeX,

=

(Hs g)(x) =/g(9)eikx'9 ds(®), xeXx.
52

With these operators we can show:

Lemma 2.13 Assume as before that k> is not a Dirichlet eigenvalue of —A in Q. Let

F be the far field operator with respect to the boundary condition under consideration.
Then

F =H} Sy Fs S5 ' Hs . (2.52)

Proof: From the proof of Theorem 1.15 we note that H ; Se - Gpir,x where Gpjr x :
H'2(2) — L2(5?) is the data-to-pattern operator for €2, i.e., Gpjr xf = w™ where w
solves the exterior Dirichlet problem for the Helmholtz equation in the exterior of €2 with
boundary condition w = f on X. From the definition of Fy, and the mixed reciprocity
principle (2.29), we observe that for i € H~12(%) and fixed % € §%:

(H:S5'Feh)(}) = (Gpir g Fsh) (%) = / v (X, y) h(y) ds(y)
)
= /us(y, =) h(y) ds(y) = (h,us (-, —%)).

=
Now we set h = S;Hzg for some g € L>(S?) which yields
(HyS3'FsS3'Heg)(®) = (S5 'He g, w(,—5)
= (g, Hy(S3) 7w (. =3) a2y = (8- HE) 1252,

where f = Sy "4, —3) on T. (Note that S* = Sx..) We define the single layer potential
w by

w(x) = /f(y)@(x,y) ds(y) forxeR>.
)

Then w+ = Syf = u’(-,—X) on X and thus w = u*(-, —X) in the exterior of X by
the uniqueness of the exterior Dirichlet problem. This implies that the far field pattern
coincide, i.e., w®(—0) = u®(—0,—%) = u®(x,0) for all 6 € S? where we used
the reciprocity principle (2.27). Furthermore, from the jump conditions of the normal
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derivative of the single layer potential we have thatf = dw_/dv— 090w, /dv. Substituting
this for f yields

(Hyf)(0) = / ) e*9Vds(y)
>

_ aw_(y) . owy(y) ik6y . 9 koy
_/< = - >e = 00 0) — wa ) s sy
=0
st
>

=w®(—0) = u>™x,0)
by the representation (1.26). Therefore, we have shown that
(H3S; 'FxS3 Heg)(®) = (8.u® R, ) p(s2) = FR)
which proves the assertion. [J
Now we can give a characterization of D in terms of the operator F'y;.

Theorem 2.14 Assume that k* is not a eigenvalue of the operator —A in the domain D
with respect to the boundary condition under consideration. Furthermore, assume that
k? is not a Dirichlet eigenvalue of —A in the domain Q2. Then, for any point z € S, the
following inf-criterion holds:

z€D < inf{|{p,F5 S5' Stp)| 19 e HTVA(Z), (9, ®(2)) = 1} > 0.

Proof: We recall the characterizations (1.66) for the Dirichlet boundary condition
and (2.46) for the impedance boundary condition, i.e.,

zeD & nf{|(V.FY) i) v € 2P, (. d)2se) =1} >0 (2.53)
where ¢, (X) = exp(—ikz - X). By (2.52), we can rewrite
W F¥)psy = (W, Hy S5 Fe S5 Hetr) o5y = (S5 Hs ¥, Fx S35 H )
= (¢, Fx S5' S%90)

where we have set ¢ = (Sy 1)*H21// = Gl*)ir,zw- Furthermore, we observe again, that
¢, is the far field pattern of ®(:,z), hence ¢, = Gpjrs P(-,z). So we can write for
Ve L*(S?):

(w: ¢Z)L2(Sz) = (I//sGDir,Z (D(7 Z))LZ(S2) = <(p’ (I)(’ Z)> .

The theorem follows now from the inf-criterion (2.53). [
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2.5 The F; — factorization method

As we mentioned already in the previous chapter (remark at the end of Subsection 1.4.2)
the inf-criterion (2.46) is very time consuming due to the non-convexity of the functional
© |(go, Fo)pa 2 | This was the reason for the development of a criterion which uses
an equation rather than a minimization problem. The fast square root algorithm, however,
is valid (to our knowledge) only for far field operators which are normal. In this section
we modify the approach in order to handle cases where the far field operator fails to be
normal. Following [73], [75], and [77], we suggest to factorize the auxiliary self-adjoint
positive operator

Fy = |ReF| + |ImF| (2.54)

instead of F. Here, the real and the imaginary parts of F are self-adjoint operators given
by

1 1
ReF:E(F+F*) and ImF:;(F—F*).
i

As already mentioned at the end of Subsection 1.4.3, for sound-soft and sound-hard
obstacles the following criterion holds: A test point z belongs to D if and only if the
integral equation
1/2
F, #/ 0 =¢,

has a solution in L?(S2). We will show that this characterization keeps valid also in the
case of an impedance boundary condition for arbitrary impedances A € L°°(I") with
Im A > 0. The operator F defined by (2.54) can be used in a number of other inverse
elliptic boundary problems (see [120]) as well as in the MUSIC-algorithm (see [118]).
We will come back to it in Chapters 3—6.

2.5.1 The functional analytic background
In this subsection we take a more general point of view and consider the following
functional analytic situation.

Theorem 2.15 Let X C U C X™* be a Gelfand triple with a Hilbert space U and a
reflexive Banach space X such that the imbedding is dense. Furthermore, let Y be a
second Hilbert space and let F : Y — Y, G : X — Y, and T : X* — X be linear
bounded operators such that

F=GTG*. (2.55)
We make the following assumptions:

(Al) G is compact with dense range.

(A2) Thereexistst € [0, 2] such that Re[exp(it) T] has the form Re[exp(it)T] = C+K
with some compact operator K and some self-adjoint and coercive operator C :
X* — X, i.e., there exists ¢ > 0 with

(@, Co) > cllol* forallp € X*.
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(A3) Im T is compact and non-negative on R(G*) C X*, i.e., (¢, dm T)¢p) > 0 for all
¢ € R(G™).

(A4) Relexp(it)T] is one-to-one or Im T is strictly positive on the closure R(G*) of
R(G™), i.e., (o, Am T)p) > 0 for all p € R(G*) with ¢ # 0.

Then the operator Fy = ‘Re[exp(it)F]’ + Im F is positive, and the ranges of G :

X — Y and F;/z : Y — Y coincide. Furthermore, the operator F;l/zG is a bounded
isomorphism from X onto Y.

Proof: The proof is divided into six parts.

Part A (Reduction): In the first part we show that we can restrict ourselves to the case
X = U and C = I and, furthermore, to the case where G is one-to-one.

Proof of Part A: The operator C is positively coercive, hence there exists a bounded
isomorphism W from X * onto U such that C = W*W. We sketch the proof of this fact.
First, the restriction C|y : U — U is self-adjoint and positive. Therefore, there exists a
bounded, self-adjoint and positive square root W :U — U.From

IWely = W, W)y = (9. Co)u < ICIIpl%-
we conclude that W has a bounded extension W from X* to U. It is easy to check that
W* = W. Therefore, we have that C = W*W. The estimate c||<p||)2(* < {(p,Co) =
| Wg0||%] yields that W is an isomorphism from X * onto U.

The factorization (2.55) can be rewritten as

F = [GWA[WH'TW ] [GW*]* = GT G*,
with obvious meanings of G:U—YandT:U — U.The operator Re[exp(it)?'] has
the decomposition as

Relexp(inT] = (W (C+K)W ' =1 +K.

TheN new operators E}, 7", andC =1 satisfy all the assumptions (A1)—(A4). Furthermore,
R(G) = R(G) holds since W* is an isomorphism. Therefore, we can restrict ourselves
tothecase X = U and C = 1.

Next, we show that we can restrict ourselves to the case where G is one-to-one.
Indeed, let P : U — R(G*) be the orthogonal projector onto U= R(G*) = N(G)* C
U.Then PG* = G* and thus G = GP. Therefore, we can rewrite the factorization (2.55)
in the form

F = GPTPG* = GT G*
with G = G|y and T=pr Tly - U— 0. Again, all of the assumptions (A1)—(A4) are
fulfilled.

Part B (Decomposition of U): We set F, = Re[exp(it)F] : Y — Y for abbreviation.
Then F, is self-adjoint compact and satisfies

F,=GT,G* with T,=Re[exp(i)T]. (2.56)
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F, has a complete orthonormal eigensystem {(Aj, vy ij € N}. We split the space Y into
the two closed orthogonal subspaces ¥ = Y~ @ Y where

Y~ =span{y;: A; <0} and Yt =span{y;: A > 0}. (2.57)

Therefore, the form (F 0, (p) y 18 positive on YT and non-positive on Y ~. Both subspaces
are invariant under F,.
We show that the spaces Y~ and G*(Y ) are finite-dimensional, and

U=G"Y")+G*(Y). (2.58)

Proof: Let {k;, ¢;} be an eigensystem of the self-adjoint compact operator K : U — U.
Define

V™ =span{¢; : k; < —1} and vt = span{¢; : kj > —1}.
Then V™ is finite-dimensional since x; — 0 by the compactness of K. Setting
cy =1 +minfk; : kj > —1}
we note that ¢; > 0 and
(I +K)p.¢), > cilglly forallg e V*.

We denote by R* : U — V¥ the orthogonal projector onto V*. For any ¢ € U we have
¢ = RT¢ + R~ ¢. In particular, for ¢ = G*yy~ with ¢y~ € Y~ we conclude that

0= (Fy .y ), =(I+K).9),
=(U+KR'¢.R"¢), + (I + KR ¢.R" ),
> c1IRT I} — 2R lF = c1llglly — (c1 + ) IR,

with ¢ = ||I + K||. Therefore, we arrive at

1/2
2 _
lolly < (1 + a) IR ¢lly

forallg € G*(Y ™). Therefore, R™|g+y-y : G*(Y~) — V7 is one-to-one and thus, since
V™ isfinite-dimensional, also G* (Y 7) has finite dimension. From the injectivity of G* we
conclude that also Y~ is finite-dimensional. Furthermore, the sum G*(Y ) + G*(Y 1) is
densein U, and, by a well-known result from functional analysis, this sumis also closed as
the sum of a closed space and a finite-dimensional space. Therefore, G*(Y 7)+G*(Y ) =
U which ends the proof of Part B.

Part C (Construction of projectors):

(a) The intersection U° = G*(Y+) N G*(Y ™) is finite-dimensional and U® c N (T}).
(b) Let Ut € G*(Y™) be any closed complementary subspace to U, ie., UT @ U =
G*(Y1). With U~ = G*(Y ™) we have the splitting of U into a direct sum as

U=U"o® U". (2.59)
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The projectors QF : U — U®T onto U™ parallel to UT are well defined and
bounded.

(c) The difference Q = QT — Q~ is an involution, i.e., Q> = I, and hence an
isomorphism from U onto itself.

Proof of Part C: We recall that T, = Re[exp(it)T].

(a) From Part B it follows that the intersection U is finite-dimensional. Also,
from (2.56) we conclude that (T,¢,¢)y > 0 for ¢ € G*(Y1) and (T,0,¢)y < 0
for ¢ € G*(Y ™). Therefore, (Tr¢,p)y = 0 for ¢ € U°. Now consider any ¢ € U° and
@™ € G*(YT). Then ¢; = ¢+ + t¢ for any t € C belongs to G*(¥YT) as well, and it
holds that

0< (Trono)u = Trot, 0N + 1T 0)u +1 (Tro, 0Ny
= (Tr9", 0Dy +2 Re[t (Tr0, 0 )u] -

This is possible for all ¢ € C only if (T,¢,91)y = 0. The same argument for ¢~ €
G*(Y ™) shows that (T,¢, ¢~ )y = 0 forany ¢~ € G*(Y ). This implies (T,¢, @)y = 0
for all § € U. Hence T,¢ = 0 holds which proves that U? ¢ N/ (T}.).

(b) By definition, the spaces U™ are closed and satisfy Ut N U~ = {0} and UT @
U™ =G*(YT) +G*(Y™) = U. It is well known that the projectors O are bounded,
but we repeat the argument for the convenience of the reader. Consider the Banach space
Ut x U™ withnorm |[(¢T,¢7)|| = ¢ || + ¢~ ||. The operator A : UT x U~ — U,
defined by A(pT,¢7) = ¢ + ¢~ is a bounded bijection by (2.59) with A~l¢p =
(Qt$, 0~ ) and ||A|| = 1. According to the Open Mapping Theorem, A~ ! is bounded
which yields boundedness of Q" and Q.

(c) This follows immediately from the relation

Q=" -0t -0)=0"+0 =1,
and completes the proof of Part C.

Part D (Factorization): Let P : Y — Y+ denote the orthogonal projectors onto ¥+,
Then we can write

|F,|=PT =P )F,=F.(P"—P)=GT,G*(PT —P).
With
Fy=|F/|+ImF =P —P )F,+ImF, (2.60)
Tu=T,(Q" =0 )+ImT. (2.61)

we can prove the following factorization:

Fy = GTsG*. (2.62)
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Proof of Part D: First, we show the following commutation rules where we set again
T, = Re[exp(it)T].

T, G*P* =T, 0*G*. (2.63)

LetQo: U — UY=G*(YH)NG*(Y ) be any projector onto U such that Qo|y+ = 0.
Foreach ¢ € U we have the following relations which are easily seen from the definitions
of 0% and Qy.

OGP o=G*P g,
Q" G"PTy =00G"PTy,
0tG*P ¢ =0,
01G*Pty = G*PTo — 0,G*Pto.
Therefore, by these identities and by Part C, (c) we conclude that
T,0°G*=T,Q0 G*P* +P") =T(QG* Pt +G*P")=T,G*P~
since U° ¢ N(T,) and
T,0YG* =T, Q0TG*(PT + P7) = T.(G*PT — QoG*P*) =T, G*PT,
which proves (2.63). Using these relations and (2.55) we have:
Fs=F,(PT—P)+ImF=GT,G*P" —P")+G(ImT)G*
=GT,(Q" —0)G* +G(UImT)G* = G Ty G*
which ends the proof of Part D.

Part E (Coercivity): The operator T given by (2.61) is self-adjoint and positively
coercive, i.e., there exists ¢ > 0 with

Ty, 9)u > cllolly forallp € U. (2.64)
Proof of Part E: The operator Ty : U — X is self-adjoint, since
(T4G* Y1, G*Y)u = (Feyr, ¥2)y = (Y1, Fev)y = (G*Y, TeG™ )y

and R(G*) is dense in U (note that G is one-to-one). It follows from Assumptions
(A2)—(A4) that T, and T are Fredholm operators of index 0, because Q7 — Q™ is an
isomorphism and Im 7 is compact. The operator Ty is strictly positive, since T, (Q1 —
Q™) is non-negative and Im T or T, (QF — Q™) is strictly positive by Assumption (A4).
Hence Ty has a bounded inverse T, ! From the positivity of the form

(Te(p + 19), @ + 1¥) , = (Tsp. @)u + 2Re[t(W, To@)u | + [t (Ts¥r. ¥)u

for any ¢,y € U and any r € C we conclude that

(T, )| < (Tep, )0 (T, ¥ -
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Fory =T, ]gp this yields

lolly = |0 T ' 0o |* < Top. 0000, Ty ' 0)u < Teo, )0 lIT; el
ie.,
I 17 elE < (Treao)u
which proves the coercivity of Ty with ¢ = ||T,, ! ||E].

Part F (Final part): Now we can complete the proof of Theorem 2.15. The operator Fy
has two factorizations:

1/2,.1/2

Fy =GTyG* andalso Fy=F,’ (F,/O*.
Application of Theorem 1.21 yields
R(G) = R(F,'%) (2.65)

and that the operators F,, '2G and G_lF;/ 2 are isomorphisms. [J

Remark: In the case where both of the subspaces U; and U, are. inf@te—dimensional
the condition that U; 4 U is dense in U does not guarantee that Uy + U, = U. We give
a simple example. Let

e ¢]

U==la): ) lal <oy,

k=—00
Up = {{cx} € €2 1 cp = Oforall k < 0},
Us = {{ex} € €% ¢ = ke forall k > 0}.

Both subspaces Uy and U; are closed. The sum U + U> is dense in U because it contains
the subspace 68 of all finite sequences {ct} (i.e., sequences which vanishing members
for sufficiently large k). On the other hand any {c;} € U; + U, satisfies ¢, = (9(|k|_1)
for k — —oo. However, it is easy to find an element {c;} € ¢ for which this condition
does not hold, for example, ¢, = (—k)"23 fork < Oand ¢, = 0 fork > 0.

Remark: In the case where the operator Im 7 is negative, one sets

Fy = |Re[exp(it)F]| — Im F = |Re[exp(it)F]| + |Im F]| .

2.5.2 Applications to some inverse scattering problems

The abstract Theorem 2.15 can immediately be applied to the inverse scattering problem
with Dirichlet, Neumann, or impedance boundary condition. Indeed, in the Dirichlet
case we have T = —S* and C = —S; which is negatively coercive by Lemma 1.14, part
(c). Therefore, we set t = m. For the impedance boundary condition (or, as a special

case, the Neumann boundary condition) we have T = —Ti’fnp and C = —N;, which is
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positively coercive by Theorem 1.26, part (e). For this case we set ¢+ = 0. Furthermore,
assumption (A3) and (A4) are satisfied by Lemma 1.14 again for the case of Dirichlet
boundary conditions and by the arguments in the proof of Lemma 2.7 for the case
of impedance boundary conditions. Therefore, we can characterize the range of G by
Fy = |ReF| + Im F. Furthermore, from Theorem 1.12 we know that a given point
zeR3 belongs to D if, and only if, ¢, € R(Gp;r) which coincides with R(Gjy) by the
proof of Theorem 2.8. Here ¢, is given again by (2.47). We conclude:

Corollary 2.16 Consider the inverse scattering problem with respect to the Dirichlet
boundary condition or the impedance boundary condition. In the latter case we assume
that ImA > 0 almost everywhere on I'. Furthermore, we assume that k2 is not an
eigenvalue of —A in D with respect to the boundary condition under consideration.
Then the obstacle D is characterized by those points z € R? for which

s [@evpal (2.66)

j=1 J

Here, ¢, (%) = exp(—ik z - X) for x € S? and {Aj, ¥} is an eigensystem of the (positive)
operator Fy : L*(S?) — L*(S?) given by Fy = |Re F| + | Im F|.

The same technique is also applicable for the reconstruction from the limited aperture
data. Let the data set contain all of the far field patterns {uoo(fc, 0):x,0 eU } Here
again, U C S? is an open subdomain of the unit sphere. We have shown in Section 2.3
that the far field operator Fy, from (2.3) is factorized as Fj, = —GlaT*GZJ with the
same 7T as for the case of complete data, see Theorem 2.9. We apply Theorem 2.15,
Lemma 2.10 and summarize the result in the following corollary.

Corollary 2.17 Consider the same situation as in the previous Corollary 2.16. Assume
again that k* is not an eigenvalue of —A in D with respect to the boundary condition
under consideration. Then the obstacle D is characterized by those points z € R for
which

00 2

Y2
Z—WZ view) <00, (2.67)
, Aj
j=1
Now, ¢ (k) = exp(—ik z - X) for X € U and {Aj, V;} is an eigensystem of the (positive)
operator Fg = |Re Fi,| + | Im Fy,| (L2(U) > [2(U).

2.6 Obstacle scattering in a half-space

In this section we study the scattering of an incident plane wave by an obstacle D
which is imbedded in the homogeneous half-space Ri = {x eR}:x3 > 0}. The
physical background is the same as in the case of whole space, but an additional boundary
condition is posed on the plane R3 = {x eR3:x3 = 0}.
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The boundary conditions on R% produce reflected parts of the incident field x +—
exp(ik 6 - x). We will restrict ourselves to the Dirichlet boundary condition on R3, i.e.,
the total field for the case where no obstacle D is present is given by

W(x,0) = e*0F — ohOx e R3 (2.68)
Here, y’ denotes the reflection of y € R3 with respect to the plane R, i.e.,

Y = 0Ly, = 0Ly, —y), yeR. (2.69)

We can equally well pose a Neumann boundary condition on Rg. In this case the total
field is given by

i _ ikOx ik 0" -x 3
u'(x,0) =e +e , xeRy.

As in the case of whole space we suppose that the scattered field u* satisfies the Helmholtz
equation

AW+ k=0 inRI\D (2.70)
and the Sommerfeld radiation condition (2.3) forx € S 2=82n Ri, i.e.,

ou’®

M k=0 (r_2> for r — 00 2.71)
ar

uniformly with respect to X = x/|x| € Si. In addition, a boundary condition on I" has to
be assumed which is of either Dirichlet type or impedance type, i.e., either

W+u'=0 onl
or

A + u®)

3 +A@ +u)=0 onT. (2.72)
v

This model is used in various areas like geophysics, underwater acoustics or electromag-
netic imaging, see [165]. As the first possible application of the corresponding inverse
problem we mention obstacle imaging in ocean environments, see e.g., [185]. For the
mathematical modeling techniques and methods of underwater acoustics we refer to
[109], for recent results in inverse underwater acoustics see the special issue of the
Inverse Problems [184].

A related — but different — problem of the parameter reconstruction of an inhomoge-
neous elastic half-space (or half-plane) has been studied in [31]. In [136] and [64] the
uniqueness of the reconstruction of the compactly disturbed medium was proven under
certain conditions. In contrast to the problem to identify the complete parameter we are
only interested in the determination of the obstacle, i.e., in the reconstruction of the shape
and the position of the scatterer.



Obstacle scattering in a half-space 65

2.6.1 The direct scattering problem

In the remaining part of this chapter we restrict ourselves to the case of the Dirich-
let boundary condition on RS and a impedance boundary condition on I'. The direct
scattering problem is formulated as follows, see [71].

For a given incident plane wave ui(-,0) of the form (2.68) for 6 € S_%_ find the
scattered wave u*(-,0) € C2(R3 \D)NC!((R3 UR})\ D) which satisfies the Helmholtz
equation (2.70) and the Sommerfeld radiation condition (2.71) in Ri. The total wave
u = u' + u® has to satisfy the homogeneous Dirichlet boundary condition on Rg and the
homogeneous impedance boundary condition (2.72) on I'.

In the following theorem we reduce the question of existence and uniqueness of
the exterior boundary value problem for arbitrary right-hand sides g € H~ /(') to a
boundary value problem in the whole space by a reflection argument.

Theorem 2.18 Let k > 0 be a fixed wavenumber, g € H=Y2(T") and » € L®(T") with
ImA >0o0nT. Wedefine D=DUD and T = I' UT’ where we define D' and T as
the reflected sets, i.e., V = {x' :x € V}forV=DorV =T. _

We extend g and A to odd and even functions, respectively, on T, i.e., g = gon T’
and g(x) = —g(x) onT andx = x onT and A(x) = A(x') on T"'.

(a) Letv € H,, (R3 \D) be a solution of the Helmholtz equation (2.70) in R3 which
satisfies the homogeneous Dirichlet boundary conditionv = O on ]Ro, the znhomogeneous
impedance boundary condition

v
—+rv=g onl, 2.73)
av

and the Sommerfeld radiation condition (2.71). Then the odd extension v of v (i.e., v =v
on Ri_ \ D and ¥(x) = —v(') on R3 \ D') satisfies the Helmholtz equation in

R3\ (DU 5/), the Sommerfeld radiation condition (2.3), and the impedance boundary
condition

~

=g onl. 2.74)

v
v

@z

+ A

The solutions are again understood in the variational sense as in Section 2.1.

(b) Let, on the other hand, v € H 117 C(R3) be a solution of the Helmholtz equation in
R3 \ (DU 5/), the Sommerfeld radiation condition (2.3), and the impedance boundary
condition (2.74). Then the restriction v = 5|R§r \D solves the corresponding boundary

value problem in Ri_ \ D.
(c) The boundary value problem (2.70), (2.71), (2.73) has a unique solution.

Proof: (a) First we note that v € H ch (R?) because of the boundary condition v = 0 on
RS (cf. [167], Section 6.4). Second, the extended function ¥ satisfies AT(x") = Av(x)
and 99 (x')/0v = —dv(x)/dv for x € r which proves part (a).

(b) We set 0(x) = —v(x ) forx ¢ D. Then 4 solves the same exterior boundary value
problem as v since D and J are symmetric with respect to R3 and g is an odd function.
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By the uniqueness of the exterior boundary value problem (compare Theorem 2.2) we
conclude that © = 7 i.e., in particular, that © vanishes on RS.
(c) This follows again from Theorem 2.2. []

As a consequence of this theorem we note that the far field pattern v>° = v°°| 52 is well

defined and analytic on S _2~_ The solution v has the asymptotic behavior

o) = ZPURED oo o0 L o(x72) as x| — oo, (2.75)
47 |x|
uniformly with respect to x € Si. '
The scattered field u°(-, 8) corresponding to the incident plane wave u‘(-, 0) is well
defined as a special case of the previous theorem. Also the far field pattern u™ = u®>(x, 0)
for x,0 € SJZr is well defined. We define the far field operator F from L? (S ) into itself

by

(Fo)(x) = /u‘”(fc,@) p©)ds), xe€ S_%_ . (2.76)
53
Also, we define the data-to-pattern operator G : H~'/2(T') — L*(S%) by
_ .00
Gg=v |S$ , 2.77)

where v™ is the far field pattern of the solution v of (2. 70), (2.71), and (2.73).

As in the previous theorem we can relate the operator G : H~/2(T") — L2(5?) to G
which can be considered as the odd extensions of G and is the data-to-pattern operator
for the exterior boundary value problem in R? \D with impedance 2 on I. Analogously,
F:I? (8%) — L2(S?) is the corresponding far field operator.

We want to reformulate the previous theorem in terms of two operators. First, let J
be the operator defined by (Jy)(x) = Y (x"). We consider J as an operator from [2(5%)
into itself as well as from H !/ 2(F) into itself and indicate this by writing Jg> or JF,
respectively. Second, let R be the restriction operator, either from L%(S?) onto L2 (S )
or from H~V/ 2(F) onto H~'/2(I"), denoted by Rsi or Rr, respectively. The adjoint R*

is then the extension by zero.

Lemma 2.19 The following relations hold:

(@) GRr (I = Jg) = Rgz G (I = Jp).

(b) Glp=J2G and Flgp=JgpF.

(c) F = RSi Fd —JSz)R;2 and G =Rr G (I —Jp)R}.

Proof (a) For g € H™ 1/2(1") wesetg = (I — Jr)g Then g is an odd function in
-l 2(F) Furthermore, GRr (I —Jr)g = GRrg = v> where v is the far field pattern

correspondmg to v with boundary condltlon v =Rrg = g|r onI". Theorem 2.18 yields
(using the same notations) that v|r = o|p and thus v*° = 1700|Si = RS% Gg.
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(b) This follows directly from Theorem 2.18.
(c) This time, let f = (I — ]Sz)R;Egr f for f € LZ(SJ%). Then it is easily seen that

f is the odd extension of f to S? and thus RSi F( — JI:)R;Zf = RSi I:"f = Ff by
+

Theorem 2.18. O

2.6.2 The factorization method for the inverse problem

We assume again that the total wave u = u' + u* satisfies the homogeneous Dirichlet

boundary condition on Rg and the homogeneous impedance boundary condition (2.2)

on I'. The knowledge of the range R(G) of the data-to-pattern operator G from (2.77)
allows us to characterize the domain D by the following lemma.

Lemma 2.20 Forz € Ri_ we define the function
$.(0) = e k0 _ ok g e g2 (2.78)
Then ¢, belongs to R(G) if and only if z € D.

Proof: This follows from the corresponding result for the whole space, i.e., Theorem 2.4
combined with Theorem 1.12. [

Now we turn to the factorization of the far field operator as we have done it for the other
boundary value problems treated so far. Let, again, G and F correspond to the scattering
problem with impedance boundary conditionsonI" = I'U " where the impedance A has
been extended to an even function A € L°(T"). We denote by 7 : H'/2(T") — H~'/2(T")
the operator T}, of (2.39) for the extended problem.

With Lemma 2.19 and ( —J Sz)2 = 2 (I — Jg2) and the factorization (2.38) we have:

- 1 ~ 2
F=Rg F(I - JSZ)Rfgi = R FI = Jg2) R;i

1 .
1 s
=-3 Rg (I — J2)GTG*(I — Jg2) Rgi
1 ~ - o *
=—3 [Rs2G I = Ip)]T[Rs2 G (I — Jp)]
1 - »
=-3 [GRr (I —J5)] T[GRr (I — J7)]
1 T * *
=3 GRr (I —Jp)TUI —JF)Rr G
i.e.,
F=—-GTG* (2.79)
with

1 -
T = 3 Rr (I —Jp) T —Jp)RY-. (2.80)
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Lemma 2.21 Assume that k* is not an eigenvalue of —A in D with respect to
the impedance boundary condition where again Im A > 0. Then the operator T :
H'2(I') - H~Y2(I") defined by (2.80) is coercive.

Proof: The operator T is coercive according to Proposition 2.7. Therefore, for any
Ve H'/2(I") we have that

1, ~
Ty, ¥)| =z [(TU —JPREY . I — JRREY)|

51

> 20— IR [y = 1 ey

\Y

since (I — JF)R}- is just the odd extension of ¥ to T'. This proves coercivity of T with
the same constant as for 7. [J

Now again, we can apply the Theorem 1.16 and characterize D by the following inf-
criterion.

Theorem 2.22 Assume that k* is not an eigenvalue of —A in D with respect to the
impedance boundary condition where again Im A > 0. Then, for any point z € R3,

zeD inf{‘(Fl//,w)Lz(Si)] Sy e I2(S3), (62 V) p252) = 1} >0,
where ¢, is again given by (2.78).
Proof: We combine Lemma 2.20 and Theorem 1.16. [J

Finally, we want to apply the Fy — factorization method of Subsection 2.5.1. In order
to apply Theorem 2.15 we have to check the assumptions (A1)—-(A4) for the operator
T given by (2.80). Assumption (Al) follows from Lemma 2.19 Part (c) since G is
compact. For (A2) we recall from the proof of Corollary 2.16 that Re T has the required
form Re T = C + K with compact K and coercive C. Then Re T has the same form with
C and K replaced by —4 Rp (I — Jg) C (I — J3) R} and —% Rr (I — Jp) K (I — J§) R},
respectively. The same argument yields (A3). For part (A4) we have that

1 ~
Im(Ty,y) = ) Im(T(I — JR)RYY , (I — JR)RTY)

and this is positive by the corresponding property of T provided ¥ = (I — J7) REr
does not vanish for ¢ # 0 and belongs to R(Gl* p). But this is the case since ¥ is just

m,
the odd continuation of v on I'. Therefore, we have shown:

Corollary 2.23 Assume that k* is not an eigenvalue of —A in D with respect to the
impedance boundary condition where we again assume that ImA > 0 on I'. Then the
following criterion holds for any point 7 € Ri:

2
. (2. ¥))
zeD <+ Z| : j)\,LZ(—Si)| <
j

j=1

00, 2.81)
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where ¢, € L2(S3_) is again given by (2.78), i.e.,
¢Z(9) — e*ikZ'G _ e*l‘kl'e/’ 0 c Si’

and {Aj, ;- j € N} is an eigensystem of the positive and self-adjoint operator Fy =
|Re F| +ImF : [*(S%) — L*(52).

We finish this section with some remarks.

As mentioned above, we can equally well pose a homogeneous Neumann bound-
ary condition on RS. The odd extensions of g and v have to be replaced by the even
extensions, and in (2.78) the minus sign has to be replaced by the plus sign. Further-
more, also the Dirichlet boundary condition can be assumed on I'. For all these cases
the characterizations of Theorem 2.22 and Corollary 2.23 remain valid. In particular, the
characterization is independent on the type of the boundary condition on I".

Also, one can treat the case of limited data. Let the far field patterns u®° (%, 0) be given
forall x,0 € U where U is some open (relative to S}r) subset of Si. Asin Section 2.3 we
introduce the restriction operator Py : L? (Si) — L[2(U) by Py = ¢|y and observe
that its adjoint operator P}, : L>(U) — L*(5?) is just the zero-extension onto 2. Then
the operator

(Fiap)(¥) = /uoo(fcﬁ)fp(@)dS(@), reU,
U
can be written as Fy, = Py FPy;. Combining this with the factorization (2.79) yields,

by the same arguments as in Section 2.3, the characterizations of Theorem 2.22 and
Corollary 2.23.
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The mixed boundary value problem

So far, we assumed always one type of boundary condition on the components of the
obstacle D which was either of Dirichlet type or of impedance type (which included the
Neumann boundary condition as a special case). In this chapter we will consider mixed
boundary conditions, i.e., D consists of two open and bounded domains D = D1 U D,
such that Dy, D, C R3 satisfy D, N'D; = ¥. We do not assume that each D;j has to be
connected, it may consist of several (finitely many) connected components. However, we
assume that the exterior R3\ D is connected. We will pose Dirichlet boundary conditions
on I'y = dD and impedance boundary conditions on ['; = dD;. In our presentation we
follow mainly the work published in [73], [72], and [74].

The direct scattering problem is formulated as follows.

For a given incident plane wave u'(-,0) of the form (2.21), i.e.,

Ul (x) = kX0 e R3,

find a scattered wave u® = u*(-,0) € C*(R3\ D) N C'(R?\ D) which satisfies the
Helmholtz equation

Au +kuf =0
in the exterior of D and the Sommerfeld radiation condition (2.3). The total wave u =
u' 4 u® has to satisfy the boundary conditions

u=>0 onI'; = dDy, 3.1

z—: +Au=0 on 'y = adD;. 3.2)

Here again, v = v(x) denotes the unit normal vector at x € 9D which is directed into

the exterior of D. In this setting we can expect a classical solution only for continuous

impedances A. In order to treat the case A € L°(I'2) we have again to weaken the notion

of a solution. In the next section we will derive some of the basic properties of the

solution of the direct scattering problem before we proceed with the inverse scattering
problem.

3.1 The direct scattering problem

The basis is again the following existence and uniqueness theorem of the corresponding
exterior boundary value problem.
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Theorem 3.1 Let the wavenumber k > 0 and a function . € L*°(I'y) be fixed such
thatIm A > 0 on T'y. Foranyf € H'/*>(T'y) and g € H’l/z(r‘_z) the following exterior
boundary value problem has a unique solution v € Hllo . (R3\ D):

Av+k*v=0 inR3\D, (3.3)

v . s
E—tkv—(’)(r ) forr = |x| = o0 (3.4)

uniformly with respect to = x/|x| € S,

v=f only=09Dy, 3.5)
av

3 +Av=¢g only=09D;. 3.6)
v

The solution has to be understood in the vgriational sense, compare (1.22) and (2.5) of
the previous chapters, i.e., v € HZ})C(]R3 \ D) solves (3.3), (3.5), and (3.6) ifvir, =f in
the sense of traces and

//[w.vw_k%jdx_/va (2. )

R3\D I
for all v € H'(R? \ D) with compact support.

Proof: This can be proved in a standard way as in the case of only one type of Dirichlet
or impedance boundary condition. We refer to Theorem 2.2 or, for a detailed proof of
this theorem, to [144], Theorem 7.15 (iii). [

Applying this theorem to the particular choice

d exp(ik6 - x)

fx) = —exp(ik6 -x)|r, and g(x) =— < ™

+ A(x) exp(ik6 - x))

I

proves existence and uniqueness for the scattering problem. Interior regularity results
yield that the solution is analytic in the exterior of D. The scattered field is denoted
by u*(-,#) € C*(R®\ D) and depends on the angle & € S of the incident plane
wave u'.

The far field pattern of v is again denoted by v>°. In the particular case of the scattering
problem by plane incident fields we denote the far field pattern again by u® = u®(x, 6).
Furthermore, the far field operator F = Fy,;x is defined as in (2.22), i.e.,

Fnix V) (X) = fu”(ﬁ,ew(e)ds(e), tes (3.7

S2
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Also, we define the data-to-pattern operator G, : Hl/z(Fl) X H_I/Z(Fz) —

L*(5?) by
Gmix <£> = ,Uoo’

where v™ is a far field pattern of the solution to (3.3), (3.4), (3.5), and (3.6).

It is helpful to relate the operators Gy,;, and F,;y to the corresponding operators Gp;,
and Fp;,, respectively, for the pure Dirichlet boundary condition on both components
I' =Ty UT'y —just as in Theorem 2.4. From the previous chapter we recall the exterior
Dirichlet-to-Neumann operator AL HY2(D) - H-YXT). This operator has two
components Aj_l HYA(T) > H_I/Z(Fj) forj=1,2.

Furthermore, we recall the operators H; : L*(S%) — H'/>(T';)and (3H); : L*(S?) —
H~Y2(T;) for j = 1,2, defined by (2.36) and (2.37), respectively, i.e.,

W = [vo) e ase). xer (3.8)
S2

5 )
(OH )¢ (x) = aflp(e)el““‘ ds(), xeT;. (3.9)
2

Theorem 3.2 Let k > 0 and A € L°°(I'y) withIm A > 0.
(a) The data-to-pattern operator Gy is compact, one-to-one, and satisfies the
relation

Ry
Gpir = Gpix <A2_-1F " AR2> , (3.10)

where R : Hl/z(l") — Hl/z(Fl) and Ry : Hl/z(I‘) — H_l/z(l"z) are the restriction
operators to I for j = 1,2. Furthermore, the operator

Ry L gl)2 12 —1/2
(Az,lL +AR2) :H/“T) — H'/°(I'1) xH (Ty) (3.11)

is an isomorphism from H'2(T) onto H'/2(I"y) x H™/2(I'y).
(b) Fpix and Gy are related as follows:

lex - Gmlx <(3H)2 +)\,H2> . (3']2)

Proof: (a) Let v be the solution of the exterior Dirichlet boundary value problem for
some [ € HI/Z(F), ie,v =fon[ =TI7UTIY%. Then v also solves the mixed boundary
value problem (3.3), (3.4), (3.5), and (3.6) with

v _
foix=Rif  and  gmix = (5 + xv)’ = A5 f + MRS
I
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The far field pattern of v is v*® = Gp;,f (considered as the Dirichlet boundary value
problem). On the other hand, the same far field pattern is given by

oo __ . fmix _ . le
- szx <gmix) - Gle <A2—’£f + )»sz)

Wthh implies (3.10). To prove injectivity of the operator (3. 11) letf = 0onI'f and

+f + AR>f = 0 on I';. By definition of A; | we have A2+f = v, /dv on I'y
where vy =f onI'1 UT,. In particular, v _f = O onI'1 and dvy/dv + Avy = 0on
['>. The uniqueness result of Theorem 3.1 yields that v vanishes identically, thus f = 0
also on I';.

The proof of surjectivity follows the same lines. The proofs of injectivity and com-
pactness of G, is now a consequence of (3.10) and the injectivity and compactness,
respectively, of Gp;;.

(b) It follows from the definition (3.7) that F,,;;y is the far field pattern v>° of the
radiating solution v corresponding to the bounday data

f)=- f e* 0y (0)ds), xeTy,

S2

gx) = — <aa_v + x(x)> / %0y (9)ds(0), x e Ts.
52
Thus, we have

b=t o)
mlx mzx (aH)zw +A,H2'(p >

which proves (3.12). O

Theorem 3.3 Let k > 0 be a fixed frequency and A € L*°(I'2) a given impedance
Sfunction withIm A > 0 on T's.

(a) The far field pattern u®™ satisfies the reciprocity relations (2.27) and (2.29).

(D) Fpix is compact.

(c) F = Fpiy satisfies the relations

e Gk
F = F* = = F'F = 2i Ry, (.13)
T
ik _
F*—F + 8l—FF* — —2i] Ry J, (3.14)

where Ry, : L*(S?) — L*(S?) is the self-adjoint non-negative operator given by

(Rmixllf)(n)=/ /M(Xﬁ)u(x, m ImA(x)ds(x) | ¥ (©)ds®), neS* (3.15)

sz \I2
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and u(-,0) = u'(-,0) + u’(-,0) is the total scattered field on 'y corresponding to the
incident plane wave u' (-, 0) of direction 6.
(d) The scattering operator

ik
S= Smix =1+ W Finix (316)
satisfies
k
S*S =1- mRmix.

If X is real-valued then the far field operator F,x is normal, and the scattering operator
Spix is unitary.

(e) Assume that there exists no Herglotz wave function which solves the homogeneous
mixed boundary value problem in D. Then the operator F = Fy;y is one-to-one and has
a dense range in L*(S?).

In this case Im F = (F — F*)/(2i) is strictly positive and

k
In(FY )2 2 T IFY 22y >0 forall  #0. (3.17)

Proof: The proof of (a) is standard and follows the lines of the proof of Theorems 1.6
and 1.7.

(b) This follows from (3.12) and the compactness of G,y or directly from the
smoothness of the kernel with respect to both arguments.

(c) We modify the corresponding proof for the Dirichlet boundary condition from
Theorem 1.8, part (a). Because of the different boundary conditions, formula (1.34) has
to be replaced by

. _ ow  _ dv ow _ v
2i | vwImAds = V— —W— |ds = v— —W—|ds (3.18)
av av av av

Iy I |x|=R

which is derived by applying Green’s formula to v and W in the region {x € R*\ D :
|x| < R}. Werecall that v and w are the total fields of the scattering problem with incident
fields

vi(x) = /el”“'@g(e)ds(e), x e R3,
S2
wi(x) = fe"’“'@h(e)ds(e), x e R3.

S2
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By superposition, we conclude that
v(x) = /u(x,@) g(6)ds(), x¢D,
S2

wx) = /u(x,@) h(9)ds(0), x ¢ D.
S2
Substituting this into the left-hand side of (3.18) and interchanging the orders of
integration yields

2i/vWImAds=2i// fu(x,@)u(x, n) Im A(x) ds(x) | g(0) h(n) ds(0) ds(n)

Iy s2 52 I

= 2[ (Rmixg, h)LZ(SZ).

From this we observe that R, is non-negative because of ImA > 0 on I';.
Furthermore, equation (1.35) of Chapter 1 takes the form

. ik
21 (Rmixg’h)Lz(Sz) = —m (Fg,F]’l)L2(SZ) — (g,Fh)LZ(SZ) + (Fg,h)LZ(S2)

ik
= _W (F*Fg,h)LZ(SZ) - (F*g,]’l)LZ(SZ) + (Fg,h)LZ(SZ),

from which (3.13) follows. The second form (3.14) follows from the reciprocity principle
in the form (2.28).

(d) We just compute
ik ik ik ik
SE=UI-—FU+—F)=1+—|(F-F"—- —F*F
( 872 Y+ 872 =1+ 872 |:( ) 8n2 ]
ik . k
=1+ mlemix =1I- mRmix
by part (c).
(e) By (3.12) and the injectivity of Gy, it suffices to show injectivity of
Hy
(OH), +AHy )

Let € L*(S?) satisfy Hiy = 0 on I'y and (0H)2% + AHy = 0 on I'y. With
v(x) = fsz ¥ (0) exp(ikx - 0) ds(6) we conclude that v =0 on I'y and dv/0v + Av =0
on I';. The uniqueness of the exterior mixed boundary value problem yields v = 0 in
the exterior of D and thus also ¥ = 0 by the injectivity of H (which follows, e.g., from
(1.54) and the injectivity of F' by Theorem 1.8).

The estimate (3.17) follows from (3.13), (3.14), and the observation that the operator
R,,ix is non-negative. [
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3.2 Factorization of the far field operator

We start our inverse scattering problem analysis with the following factorization result,
see [73].

Theorem 3.4 (a) The far field operator F : [%(S2) — L*(S?) can be factorized as
Fuix = —Gnix T, . (3.19)

mix ~ mix
where the operator T : H™Y*(I'y) x HY2(Ty) — HY2(I'y) x H™VY/2(I,) is of the
form

S 0
Tmix = <01 N2) + Kmix- (320)

Here, S : H~Y2(I')) — HY2(I"y) and N» : H'/2(I'y) — H~Y2(I"y) are the single
layer boundary operator on Iy and the normal derivative of the double layer operator
on 'y which appear in the factorizations (1.50) and (1.96) for the pure Dirichlet and
Neumann boundary conditions on the boundaries I'1 and T3, respectively. The operator
Kix - H-V2(Ty) x HY2(I'y) — H'Y2(I')) x H™'2(I,) is compact.

(b) Assume that k? is neither a Dirichlet eigenvalue of — A in the region Dy nor an
eigenvalue of — A in the region D> with respect to the impedance boundary condition.
Then the operators Ty,ix and T:”-x are isomorphisms.

(c) Under the assumptions of (b) the operator Im T,y is strictly positive, i.e.,

Im(T v, @) > 0 forall o € H-Y2(T1) x HY?(Ty) with ¢ # 0.

Remark: The dual form (-, -) is defined by

<($§) ’ ($;>> = (@, Y1) + (V2. 9202

for all <w>eH‘/2(Fl)xH‘/2(r2) and (g";) e HV2() x H'2(Ty).

1
Y2
Here, (-, -); are the dual forms in (H ~1/2(I';), H'/>(T'))) forj = 1,2.

Proof of Theorem 3.4: (a) From Theorem 3.2 we have

— G, Hi
Fmtx - _Gmlx <(3H)2 + )\.H2> . (321)

From the definitions of H; and (d0H); we compute its adjoint for smooth
functions as

H NCAYSE —ik
((aH)2+xH2> <¢2) @) = / e " o1(y) ds(y)
r

1

8 A - [N
+ / [au—(y)e—l’”'y + 1) e"’”'y} P2(y) ds(y)

I
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which is equal to the far field pattern v>° of

0 -
wm=/¢uywmww@»ﬂ/bﬁﬁ®mw+uw¢mw}mwmm
I I

(3.22)

forx € R3\ (I'; UT'y). Using the jump conditions of the single and double layer potentials
we compute the Dirichlet boundary values of v on I'1 and the impedance boundary values
on I, (both from the exterior) as

vlr, = S191 + Das192 + S 1 (Agp2),
v

1—
au|, TAuIn = Pz +28152)01 4 (N2 = 545 + Do)
2

1 _
+ A <512+D2+52)\)<p2

where the operators S1, S2, N2, D2, D’2 are the boundary operators defined in (2.12)—
(2.15) for the surfaces I'1 and I'p, respectively. Furthermore, the operators S>—,; and
Dy, from H~V2(I'y) — H'/?(I'}) are defined by

(&Mwm=/¢mww@w@,xem
I
0
<mﬁwm=fa@fwwwwm@,xen

I

The operators S, and D1, are analogously defined by interchanging the roles of
I'1 and I'>. All of these operators S;—.2, D12, S2— 1, and D,_, 1 are smoothing and thus
compact. Therefore, we have that

0> = Gumix Thix <¢1>
@2

with
S Doy + So1h
Tmix = / 17 =y 1 kY
D\ 5+ ASim2 (N2 — 3D+ DiA) + 4 (51 + D2+ S)))
S1 0
:(5 M)+Km (3.23)

and obvious form of Kj,;;;. We have therefore shown that

Hy ¥ _ ) _



78 The mixed boundary value problem

and thus

H, —T* G*
(3H)2+AH2 — S mix Ymix*

Substituting this into (3.21) yields the factorization (3.19). The operator Ky is
obviously compact.

(b) From the decomposition (3.20) and the facts that K,;, is compact and S1 and N;
are Fredholm operators of index zero we conclude that also T,y is a Fredholm operator
of index zero. Therefore, it is sufficient to prove injectivity of Tj,iy. Let Tyyixe = 0 and
denote again by ¢; the restrictions of ¢ on I'; forj = 1, 2. Define the potential v by (3.22)
in R3\ (I'; U T»). By the jump conditions of the single and double layer potentials we
conclude againthatvy = T1¢ = O0onI'j and dvy /dv+Aivy = Thp = OonT'p where 77 :
H V2T x HY2(y) - HY2(T) and T» : H-YV2(')) x HY2(I) — H™V2(y)
denote the components of the operator 7y,;x. The uniqueness result of Theorem 3.1 yields
that v vanishes in the exterior of D1 U D,. Now we use the fact that v_ = v+ = 0on '}
which yields that v vanishes in D; since k? is not a Dirichlet eigenvalue of —A in Dj.
We conclude that ¢; = dvy/dv — dv_/dv = 0 on I'1. Analogously, we have on I'; that

v =v_ —v4 =¢ and

ov_ dv—  Jdug 0 T
—_—= = —— = — = —AUV_,
av ov ov 2
i.e., 0v_/dv + Av_ = 0 on I';. Now we use that k2 is not an eigenvalue of —A in D,

with respect to the impedance boundary condition which implies that v vanishes also in
D;. From the above jump conditions also ¢, vanishes which ends the proof of this part.

(c) This follows by exactly the same arguments as in the proof of Lemma 2.7 of the
previous chapter. We repeat the arguments for the convenience of the reader. We note
from (3.17) and the factorization (3.19) that

0 FY 12252, < IM(FY, ) 1252 = — Im(T*G*, G*y)

= Im(T G*v, G*) (3.25)

< —|
~ 1672

where we have dropped again the subscript “mix” for simpler notation. The range of
G* is dense in H~V/%(I'}) x H'/2(I",) because of the injectivity of G by Theorem 3.2.
Therefore, we conclude that Im(T ¢, ¢) > 0 for all ¢.

Let now ¢ € H™'/2(I"y) x HY/2(I'y) with Im(T'¢, ) = 0. Again, since the range
of G* is dense there exists a sequence v/, € L>(S%) with G*¢,, — ¢. From (3.25) we
conclude that

T IF Y252y < Im(T G* Y, G-

Since the right hand side converges to Im(T ¢, ¢) = 0 we have shown that Fi,, — 0 in
I? (S 2) as n tends to infinity. Furthermore, for any i € I? S 2) we have that

(T* G*Yrn, G*Yr) = —(FYn, ¥) 252y —> 0.
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The left hand side converges to (T*¢, G*{) and thus (T*¢, G*y) = 0 for all ¥ €
L?(S?%). From the denseness of the range of G* we arrive at T*¢ = 0 and thus ¢ = 0 by
part (b). U

The representation Ty, = diag(S1, N2) + Kpir of (3.20) explains immediately the
difficulties arising in the application of the standard factorization method to the mixed
boundary value problem. The real part of the coupling operator T}, fails to be the sum
of a coercive and a compact operator — in contrast to the pure Dirichlet or impedance
boundary condition! Indeed, according to Lemma 1.14 and Theorem 1.26 the real part
Re 1 of §7 is the sum of a positively coercive and a compact part while Re N, is the
sum of a negatively and a compact part. No one of these two terms dominates unless we
restrict ourselves to a special class of functions ¢ subject to some additional constraints.
In the following we will derive a modified version of the square root algorithm under the
geometric a priori assumption that D1 or D; lies in a known region €21 or €2,, respectively.

For the further investigation we recall the following factorization which has been
derived in the proof of Theorem 3.4 when we eliminate G,y in (3.19) by using (3.24):

o H, - H,
Fmia == ((aH>2+AH2) Tia (<8H>2+AH2 ' (3:20)

3.3 Application of the F; — factorization method

In this section we will apply the Fy — Factorization Method from the previous chapter.
With some modifications we will essentially follow the approach of [77]. The idea of
this fast algorithm is the same as for the Dirichlet, Neumann or impedance boundary
condition, namely to study the auxiliary operator Fg = | Re Fyix| + Im F, from (2.54)
instead of Fy,;, itself. However, in the case of the mixed Dirichlet-impedance boundary
condition, we are not able to apply Theorem 2.15, because the assumption (A2) is violated
as mentioned at the end of the previous section. Therefore, we make the assumptign
that wea priori know open and bounded domains €21 and €2, with C?—boundaries T';
and I'p, respectively, such that

D;CQ forj=12.

We assume that the closures of the domains €2;, j = 1,2, are disjoint and their
complements are connected, see Figure 3.1. We call €2 the Dirichlet separator and €2,
the impedance separator, see again Figure 3.1. For any real and positive parameter p we
introduce two modified data operators F; and Fp by

Fj =Fux+pH{H\,  Fp=Fyuyx—pH;H,. (3.27)

where ITIJ (L2(S?) — Lz(f/), j = 1,2, denote the Herglotz operators for the boundaries
Fj = 3Qj, i.e.,

(Hip) (x) =/¢(9)e"’”"9 ds), xeTj, j=1,2. (3.28)
S2
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separator

4 s,
/ S - /
Y ¥~ Dirichlet
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Figure 3.1 Separators with respect to Dirichlet and impedance boundary conditions

We note that | H 1 and Flz are known by our assumption. In contrast to the operators
H; we consider H; as operators into LZ(Fj). Then we can show:

Lemma 3.5 Assume that k* is neither a Dirichlet eigenvalue of — A in D1, 21, Q29 nor
an eigenvalue of — A in Dy with respect to the impedance boundary condition.
(a) Then the operators Fp and F| from (3.27) satisfy the factorizations

_ H; * H; _ I:il * FI]
Fp=- (H2> To (Hz) - fr=- ((3H)2 + AH, T (0H )2 + AH>

(3.29)

with some Fredholm operators TQ: Hl/z(l"l) X Lz(f‘g) — H7]/2(F1) X LZ(FZ) and
Ty : L2(I'y) x H-Y2(Iy) — L2(I'y) x HY/?(I',). Here, Tp and T; have the following
forms:

_(sit o _(-ehi 0
TD—( 0 p12)+KD’ TI—( 0 N{l + K (3.30)

with some compact operators Kp and Kj. The operators S1 and N» are as in Theorem
3.4, part (a).
(b) The operators Im Tp and Im Ty are strictly negative, i.e.,

Im(Tpy, ) < 0 and Im(T;p, @) < 0 forany ¢ # 0.

(c) The real parts ReTp = (Tp + T})/2 and ReT; = (T; + T})/2 have
decompositions in the form

ReTp = CD-}-I?D and ReT; = —Cj +I?1

with self-adjoint and (positively) coercive operators Cp and Ci and compact operators
KD and K[.
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Proof: (a) We first study Fpp and recall the factorization of Fj;, in the form (3.26). We
note that (9H ), + AH> = RyH,, where R, : L>(Ty) — H~/2(I'y) is defined by Rof =
(av /ov —i—MJ) |F2 and where v solves the interior Dirichlet boundary value problem in £2;
with boundary datav = f on Fz. The operator R; is certainly compact because of interior
regularity results.! R, is also one-to-one. Indeed, let Ryf = 0. Then the corresponding
solution v solves the homogeneous interior impedance boundary value problem in D;
and, by the assumption on k, has to vanish in all of D;. Analytic continuation yields
v = 0in 3 and thus also f = 0.
We write the factorization (3.26) in the form

o H\" (I, © -1 (0 0\ (H
e 1:12 0 Rz mix \ ) Ry 1:12
and thus
_ (H\N\"[(h O\._i(hL O 0 0 H;
FD__(I?) [(0 Ré)T'""x o &) o on)\m) G

Using (3.20) the operator Tr:”-l can be written as

1 _1
-1 N 0 —1 S 0
Tmix = ( 6 N21> - Tmix Kmix ( 6 N{l . (332)

Substituting this into (3.31) yields

H\'[(s7' o H
o (Y[ A)esl) e

where we collect all compact parts in the operator Kp. This has the form of the
factorization (3.29) for Fp with

(L 0O\, -1 (L O 0 0
=6 &)t (6 0)+ (0 )

This proves the fgctorization of Tp. For Ty we proceed quite similarly. Itis H] = R 1171 1
wherenow R; : L2(I"y) — H~V/2(I"))is givenby R;f = v|r, where v solves the interior
Dirichlet boundary value problem in €27 with boundary datav = f on I';. Then we follow
the lines of the proof for Fp.

(b) We certainly have for any ¢ = (¢, q)z)T e H'/2(I') x Lz(Fg) with ¢ # 0 that

Im(Tpg, ¢) = In(@, Tix@) + p1m @2lI}, 2, = Im(@, Touiad) < O

by Theorem 3.4 since § = Tn:ll (101 1?2> ¢ does not vanish by the injectivity of T”_wlc

and Ry. For T7 this is seen analogously.

I The existence of solutions with Lz—boundary data can be shown, for example, by boundary integral
equation methods. An ansatz for v as a double layer potential with L2—density leads to an integral equation of
the second kind in L2 (Fz), The compactness of Ry is immediately seen by the smoothness of the kernel. We
refer to [110, 5, 4] for detailed treatments of boundary value problems with L2—boundary data.
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(c) This follows from the decomposition (3.30) and the fact that Re S is a compact
perturbation of the coercive operator S1; (which is the single layer operator on I'; for
wavenumber k = i. The same argument holds for Re N,. [J

Now we proceed to the solution of the inverse obstacle problem by the Factorization
Method. As in the previous section, we first characterize the parts of the scatterer by
the corresponding data-to-pattern operators or, in our setting, by the operators in (3.29)
which enclose Tp and T7.

Lemma 3.6 Assume that k? is neither a Dirichlet eigenvalue of — A in D1, 21, Q22 nor
an eigenvalue of —A in Dy with respect to the impedance boundary condition.
(a) A point 7 € R3\ Q, belongs to D, if, and only if, the function ¢, defined by

¢ (%) = e *E Fes?, (3.34)
belongs to the range of the operator
(Hf, Hy) : HV2(T) x AT — LX(SH). (3.35)

(b) A point z € R®\ Q1 belongs to D; if. and only if, the function ¢, belongs to the
range of the operator

(Hy, OH)% + HiX) : LX(Ty) x HY2(Ty) — LX(SH). (3.36)

Proof: We restrict ourselves to the proof of part (b) and leave the (simpler) proof of part
(a) to the reader.

(b) Let G2,imp, G2,pir» and T2, be the operators Gipp, Gpir, and Ty, respectively,
from Chapters 1 and 2 for the domain D, when no domain D is present (see Defini-
tion 1.11, (2.23), and (2.39)). Theorem 1.12 applied to this situation yields that z € D>
if, and only if, ¢, belongs to the range of G p; which coincides with the range of G2 i
by Theorem 2.4 and, furthermore, with the range of (0H)3 + HZ*X by (2.42) and the
invertibility of 17 jyp.

Let first z € D». Therefore, ¢, belongs to the range of (8H)§ + HZ*X, 1.e., there exists
@ € H'2(Iy) with ¢, = (0H)3¢2 + H} (hg2). Setting g1 = 0 yields that ¢, belongs
to the range of (Fll* (0H); + HZ*X).

Second, letz ¢ D; and assume on the contrary that ¢, = H fo1+0OH) o2 +HJ (Ag2)
for some ¢; € Lz(Fl) and ¢, € H'/2(I'»). Since both sides are far field patterns the
Lemma 1.2 of Rellich yields that

J _
D(x,2) = /wl(y)Q(x,y)dS(y)Jrf [wz(y)WQ(x,y)Jr/\(y)wz(y)d)(x-y)} ds(y)

Iy I

for x ¢ (D, U Q) U {z}). For x — z this leads to a contradiction since the right-hand

side belongs to H'(B \ D) for any small ball B with center z in contrast to the left-hand
side. O
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The last step in the characterization of D is again to relate the ranges of the operators
in (3.35) and (3.36) to the far field operators Fp and Fj, respectively. It follows from
Lemma 3.5, that the triples

H\" H, *
FD, <H2> s _TD and FI’ ((8H)2+)\.H2) ) _TI

satisfy all the conditions of Theorem 2.15. Application of (2.65) yields the final main
result of this section.

Theorem 3.7 Assume that k* is neither a Dirichlet eigenvalue of —A in Dy, 21, Qo,
nor an eigenvalue of —A in Dy with respect to the impedance boundary condition.
Let p > 0 be an arbitrary parameter and let ¢, € L*(S%) be defined by (3.34), i.e.,
¢.(%) = exp(—ikz - %), X € S2. Then the following characterization holds:

(a) For any point 7 ¢ Q0 we have:

zeD < ¢, eR(F,),

where Fu = |Re Fp|+1Im Fp and Fp = Fpix — prIZ*ITIQ.
(b) For any point 7 ¢ Q1 we have:

zeDy = ¢, eR(F),

where now Fu = |Re Fi|+1Im F; and F;= F;x + pITII*FIl.

The operators FI] cL2(S?) — LZ(FJ-) are defined in (3.28).

We can reformulate this by using Picard’s criterion: A point 7 ¢ @ belongs to D
if, and only if, the series

2
i |(¢z, I,0r1)142(s2)|
n=1 )\‘n
converges where {)»,,, wn}n N 18 an eigensystem of the self-adjoint and positive definite
operator Fy.

As we indicated at the end of Chapter 1 the same characterization holds also in the
two-dimensional case, i.e., where D C RZ2. The fundamental solution ® = @ (x,y) has
to be replaced by }L Hél) (k|x — y|) where Hél) denotes the Hankel function of first kind
and order zero. In order to achieve Im F > 0 we have to normalize the far field pattern
again as

exp(ik|x| + i /4)
8k |x|

uniformly with respect to X = x/|x|. We present a numerical example of the obstacle
reconstruction in the two dimensional case. We choose a region which consists of two
components, both being ellipses. The plot of the region is shown in Figure 3.2. On the first
ellipse (the one in the south-west corner) we impose the Dirichlet boundary condition,
on the second one the Neumann boundary conditions. Furthermore, we assume a priori

U (x) = u® ) +O(IxI7%), x| - oo,
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Figure 3.2 The original domain

-5 0 5 10

Figure 3.3 Reconstruction for p =0, p =5, p = 10 and no noise

-5 0 5 10

Figure 3.4 Reconstruction for p =0, p =5, p = 10 and 1% noise
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10

=5 0 5

Figure 3.5 Reconstruction for p =0, p = 5, p = 10 and 5% noise

that the first ellipse is contained in a disk €2 of radius 1.5. For the case of a disk with
center 0 and radius R the operator H*H can be computed explicitly and is given by

(H*Hy)(%) = 27R / Jo(kRIZ = 3) w3 ds@), 1&] =1,
[Fl=1

where Jy denotes again the Bessel function of order zero. We choose 64 incident plane
waves with directions 6; distributed equidistantly in [0, 27 ]. For each incident field we
computed the direct scattering problem by a boundary integral equation method and
evaluated the far field patterns at the same 64 directions 6;. The wavenumber & is chosen
to be 5, i.e., the wavelength is 27 /5 ~ 1.257.

The following plots show contour lines of the functions

|:Z |(¢z’ wﬂ)Lz 52)| :| , z€ Rz,

for the choices p =0, p = 5, and p = 10, respectively. We also indicated the shapes of
the true ellipses and the circle I'y = 9.

Figures 3.3, 3.4, and 3.5 below show the reconstruction without noise, with 1%, and
with 5% extra noise added to the data, respectively.

We observe that the choice p = 0 seems to be the best in all cases. However,
as we noted above, there is no general theory for this case because we can not apply
Theorem 2.15. The numerical experiments indicate, however, that the statement of this
theorem holds also for p = 0. Also we note — and this is in agreement with the theory —
that the function W more and more emphasizes the disk €2 rather than the first obstacle
when enlarging p.



4

The MUSIC algorithm and scattering
by an inhomogeneous medium

The factorization method presented in the previous chapter has a discrete analogue which
is known as the MUSIC algorithm (standing for MUItiple—SIgnal—Classification). This
algorithm is well known for signal-processing applications. As Devenay pointed out in
[60] it could also been used for imaging, i.e., it provides a method to determine one or
more unknown targets (point scatterers) from the so-called multistatic response matrix F.
This is the complex N x N matrix where Fj, is the measured far field pattern at receiver
number j for source number £. In general, F is symmetric but fails to be hermitean.
Nevertheless, under generic assumptions on the geometry of the targets and for exact
data, the rank of F coincides with the number M of targets provided M does not exceed
N. Even more, as in the previous chapter one can explicitly define vectors ¢, € CV
depending on an arbitrary point z of space such that ¢, belongs to the range R(F) of F
if and only if z coincides with one of the targets. A description of this algorithm can be
found in, e.g., [60] or [30].

4.1 The MUSIC algorithm

In this section we recall the MUSIC algorithm in inverse scattering theory. The underlying
scattering model is very simple. We consider an array of M point scatterers at locations
Y1....,yu € R3 in the homogeneous, isotropic space R. Incident plane waves of the
form

ui(x,é’) = ko , XE€ R3 R

are scattered by the targets at y,,,. In this model we neglect all multiple scattering between
the scatterers. Then the scattered field * is given by

M
W060) = D Tt (s ) P, ym) -

m=1
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Here, 7, € C\ {0} is the scattering strength of the m-th target, m = 1,...,M, and ®
is again the fundamental solution of the Helmholtz equation in R given by (1.24), i.e.,

(b(x’y):w’ X?éy (41)
arclx =yl

Again, from the asymptotic behavior of @ (x,y) we conclude that

. M
exp(ik|x|) ; —ikh _
' (x,0) = Err—lxl E T ! (Y, 0) €3I 4 O(Ix 2) |x| = oo.
m=1

Therefore, the far field pattern is given by

M
uXE.0) =Y Ty (. 0) eI ke st

m=1
The inverse scattering problem is to determine the locations yq,...,yy from the
response u™(x,6) for all x,0 € S2 — or for all %,6 from a finite subset 6 1 j =
1,...,N}CS 2 1In this finite case we assume N > M and define the multistatic response
matrix F € CN*N by
M M
Fie i= u™(05,00) = Yttt i, 00) e %0 =3 " g, O g =1, N,
m=1 m=1

Defining the matrices H € CM*N and T € CM>*M by
Hyo = Meikef'y’" , L=1,....N,m=1,....M, and T = diag(signty,),
where sign 1, = t,,/|T;n| We observe that F has a factorization in the form
F=H'TH 4.2)

with adjoint H* € CVN*M of H. If N > M and if the locations y,, are such that H
has maximal rank M then, by a standard result from linear algebra, the ranges R (H*)
and R(F) of H* and F, respectively, coincide. Here we note the similarity — and the
difference — to the factorization of the far field operator F' from Subsection 1.4.1. In
particular, we refer to the factorization of the form (1.55) where the matrix H corresponds
to the integral operator H. But, as we have seen in Subsection 1.4.3, the range of the
operator H* does not coincide with the range of the operator F' in contrast to the finite
dimensional case.
For any point z € R we define the vector ¢, € CV by

¢, = (e7*02, ek T (4.3)
Then we are able to show the following result:

Theorem 4.1 Let {9,1 in e N} C §? be a countable set of directions such that any
analytic function on S* that vanishes in 0, for all n € N vanishes identically. Let K be
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a compact subset of R? containing all y,,. Then there exists Ny € N such that for any
N > Ny the following characterization holds for every z € K:

ze€y,..om) = ¢, € R(HY). (4.4)
Furthermore, the ranges of H* and F coincide and thus
ze€{,....ym} <= ¢, € RF) < Pp, =0, (4.5)

where P : CV — REF)L = N(F*) is the orthogonal projection onto the null space
N (F*) of F*. Here, W+ = {u eCN:u*w =0forallw e W} denotes the orthogonal
complement of W.

Proof: The lengthy proof corrects the insufficient arguments in [118].

First we note that ¢, € R(H*)ifz € {y1, ..., ym} because /[Tl @y, m = 1,..., M,
are the columns of the matrix H* € CNV*M |

We show now that there exists Ny € N such that the vectors { Oy s Dyyys ‘Pz} are
linearly independent for all N > Ny and all points z € K \ {y1, ...,y }. In particular,
this would imply that H* has maximal rank M and that ¢, ¢ R(H*) for all z € K \
Ot}

Assume on the contrary that this is not the case. Then there exist sequences Ny — 00
and {z®} Cc K\ {y1,....yn} and {A©} c CM and {1©} C C such that

M
O]+ =1
m=1
and
M
p(@ k200 NP0 kel — 0 forallj=1,...,N. (4.6)

m=1

Since all of the sequences are bounded there exist converging subsequences z() —
zeKand A® — 1 € CM and u® — 1 e C as ¢ tends to infinity. We fix j € N and
let £ tend to infinity. Then

M M
4+ Y Pl =1 and pe 2% 4 3 et — 0, @7
m=1 m=1

Since this holds for every j € N we conclude from the assumption on the “richness”
of the set {¢; : j € N} that

M
e 204 N e m? =0 foralld € S
m=1

The left-hand side is the far field pattern of the function

M
x = nd@,z)+ Z)\m D (x, ym) -

m=1



The MUSIC algorithm 89

Here, ® is again the fundamental solution of the Helmholtz equation as defined in (4.1).
Therefore, by Rellich’s Lemma and unique continuation,

M
u@(x,z)+ZAmCI>(x,ym)=0 forall x ¢ {z,y1,....,ym}.

m=1

Now we distinguish between two cases:
(A) Let z ¢ {y1,...,ym}. By letting x tend to z and to y,, form = 1,...,M we

conclude that all coefficients w and A, form = 1, ..., M have to vanish. This contradicts
the first equation of (4.7).
(B) Letnow z € {y1,...,yu}. Without loss of generality we assume that z = y;. By
the same arguments as in part (A) we conclude that
mu+i =0 and A, =0 form=2,...,.M. 4.8)

Now we write (4.6) in the form
M
[N(E) + kﬁe)] R |:€_ik 06 _ e_ikyrej] + Z kﬁ,f) e~hmb =0 (4.9
m=2
forallj = 1,..., Ng. The quantity

M
Pt = |,u(e) + Agz)| + wa)} + |Z(e) —y1|
m=2

converges to zero as £ tends to infinity. By Taylor’s formula we have that
e HE G Tl — kg - (20— y1) e 4 0|20 — i)

as ¢ tends to infinity. Division of (4.9) by p, yields

M
(A7 — ik @ ;- a@] e ®315 1350 et = O(|© — y, )
m=2

forallj =1,..., Ny, where

Xie) = —M(l) —HLYQ ) XS,Z) = iﬂf) m=2,....M, a® = —Z(Z) — .
Pe Pe Pe
These sequences are all bounded as well, i.e., we can extract further subsequences

A s Xpform=1,...,M,and a®® — a € R3 as ¢ tends to infinity. We have that
M
D k| +lal =1 (4.10)
m=1

and

M

[Ai — ik w6 - a]e ™ 0 4 Z A e~ om i —

m=2
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for all j € N. Again, by the assumption on the set {§; : j € N} we conclude that this
equation holds for all & € S2. The left-hand side is now the far field pattern of the
function

M
X M@y pa- Vi@ y) + Y A O ym),
m=2
i.e., by Rellich’s Lemma and unique continuation again,
M
M @, y1) + pa- Vyd(x, 1) + Z A P, ym) =0
m=2

forallx ¢ {yi,... S IM }. By letting x tend to y; and to y,, form = 2,...,M we conclude

that all coefficients A, form = 2, ..., M have to vanish and also the term
= > a-(y1—x) (. 1
M@, y1) +pa-Vy®x,y) = [/\1+M (lk— )]
ly1 — x| [y1 — x|
exp(iklyr — x|)
4|y — x|

vanishes for x # y;. From this easily X1 = 0and pa = 0 follows. We recall from (4.7)
and (4.8) that || = 1/2 and thus a = 0. This, finally, contradicts (4.10). O

Therefore, plotting the function
1
, zeR},
[P, |
should result in sharp peaks at yy, ..., yy . The plots of Figure 4.1 show the result for
the example where d = 2, M = 3, N = 10, wavelength A = 1, i.e., k = 27, and 6;,
j=1,...,10, are equidistantly chosen directions. The values of 7 are 1, 1.5 4 i, and 2,

respectively. To the data 10% relative noise has been added. On the left side we show a
contour plot of W while on the right side the same function is shown in a 3D-plot.

W) =

3550
30
25
20

150,
10). -

Figure 4.1 Plots of function W



Scattering by an inhomogeneous medium 91

4.2 Scattering by an inhomogeneous medium

As shown by [2], the simple model of the previous section can be considered as
the limiting case of the scattering by an inhomogeneous medium, i.e., a medium
with continuously distributed scatterers which are modeled by a “contrast function”
q € L°°(D). In this section we will formulate the model and will state uniqueness
and existence results. A popular approximation of the true model is given by the
Born approximation. It will lead us to a simple factorization which is completely
analogous to (4.2).
For this and the following sections we make the following general assumptions

Assumption 4.2 Let D C R3® be open and bounded such that the complement
R3 \ D is connected. Furthermore, we assume that the boundary 3D of D is smooth
enough such that the imbedding of H Y(D) into L2(D) is compact. Let ¢ € L*(D)
satisfy

(1) Img > 0onD.
(2) There exists co > 0 with 1 + Re q(x) > co for almost all x € D.

(3) 1qlis locally bounded below, i.e., for every compact subset M C D there exists ¢ > 0
(depending on M ) such that

lgx)| > ¢ foralmostallx e M . 4.11)
We extend q by zero outside of D.

We note that part (3) of this assumption is satisfied for continuous contrasts ¢. It must
be guaranteed that g vanishes at most on the boundary of D. In the physical situation ¢ is
related to the index of refraction n by ¢ = n?—1 (compare equations (1.12) and (4.12)
below).

By k > 0 we denote again the wavenumber. For smooth functions ¢, i.e., g € C (5)
and incident field u/(x,0) = exp(ik - x) with some 6 € S2, the classical formulation
of the direct scattering problem is to determine u* = u*(-,0) € C LR3) N C3(R3 \ aD)
such that the total field' u := u* + u’ satisfies the Helmholtz equation

Au(x) + (1 +g@)ux) =0 inR*\ aD, (4.12)

and u® satisfies the Sommerfeld radiation condition

aus(x) . lkué(.x) — O(rfz) s r = |x| — 0. (413)

Writing (4.12) for the scattered field u® we get

A + K21+ @ u* = —k*qu’  inR3\ dD. (4.14)

1 If appropriate, we indicate the dependence on the incident direction by writing u* (x, 0)
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For the factorization method we have to consider this problem for more general
source terms f € L*(D): Determine v € H lloc (R3) such that

Av+k*(1+q)v=—k*qf mR>. (4.15)

For general ¢ € L(D) and f € L*(D) this equation has to be understood in the
variational sense, i.e., v € H, liw(R3) has to satisfy

//[Vv~V¢—k2(l+q)v¢]dx=k2//qf¢dx (4.16)
R3 D

for all functions ¢ € H'(R3) with compact support. A well-known regularity result for
elliptic differential equations (see [144]) yields thatv € H, I%C (R3) and v is even analytic
in R3 \ D. In particular, the radiation condition (4.13) makes sense.

An equivalent way to interpret the radiating solution of (4.15) is by the Lippmann—
Schwinger integral equation. We denote again by & the fundamental solution of the
Helmholtz equation as defined in (4.1). Then it can be shown? that if v € H! (R} isa

loc
radiating solution of (4.15) (in the sense of (4.16)) then the restriction v|p solves

(@) = K //q(y)v(y)@(x,y>dy+k2ffq(y>f(y>@(x,y)dy, xeD. (417)
D D

Furthermore, if v € L2(D) solves (4.17) then v can be extended by the right-hand
side of (4.17) to a function v € le C(R3) which is a radiating variational solution of
(4.15).

Finally, the Lippmann-Schwinger integral equation (4.17) — and therefore also the
variational equation (4.16) — have unique solutions for every f € L*(D) and g € L*®(D)
with Im g > 0.

For the particular case f = u' we observe from (4.17) that u® satisfies

' (x,0) = k> ff g u(y,0) d(x,y)dy, xeR?,
D

from which we derive the explicit form of the far field pattern

u®(%,0) = k* // g u(y,0) e vy, ieS?. (4.18)
D

We note that in addition u has to solve the variational equation (4.16) for f =uor,
equivalently, the Lippmann—Schwinger integral equation (4.17) for f = u', i.e.,
u(x) = u'(x) + k* // g u(y) ®(x,y)dy, xeD. (4.19)
D

2 We were not able to find a precise reference of this fact. In [43] this is shown for classical solutions, i.e.,
for smooth functions ¢. The arguments can easily be extended to the case g € L (D).
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In the inverse scattering problem one wants to determine g or at least its support D
from the data u® (%, 0) for all X,6 € S2.

The following uniqueness theorem is well known and goes back to Sylvester,
Uhlmann [176], Ramm [164]), and Novikov [151].

Theorem 4.3 Under the assumptions on D and q for fixed wavenumber k > 0 the far
field patterns u™ (%, 0) for all %,0 € S? uniquely determine the contrast function g, i.e.,
if there are two contrasts q and qa with corresponding far field patterns u$°(x,6) and
us®(x, ), respectively, then ui°(x,0) = us°(x,0) for all x,6 € S2 implies that q1 = ¢».

For a proof we refer to, e.g., [113].
As in Chapter 1 we collect the data in the far field operator F from L?(S?) into itself,
defined again as

(FY)R) = /MW()%,Q)w(e)ds(e), tes?. (4.20)
S2

The Lippmann—Schwinger integral equation (4.19) is a fixed point equation for u.
For sufficiently small values of k? max, p /] p gD (x, y)|dy it can be solved itera-
tively by the Neumann series. The first iterate is called the Born approximation and is
given by

up (x) =ul'(x)+k2/fq(y)u"(y,0)q>(x,y)dy, xeR3,
D

i.e., we replaced the total field in the integrand by the incident field. We indicate this
approximation by the subscript “b” in the following. Then u;° is explicitly given by

U (%,0) = k> / / qy) ' (y;0) e *EY gy = k2 / / g XDy (421)
D D

for X,6 € S2. We observe that u©(x,0) is just the Fourier transform of k*q evaluated at
k(6 — x). From this observation we note that the knowledge of uy® (%,60) forall 3,0 € §2
determines the Fourier transform g in the ball B(0, 2k) with radius 2k and center 0.
The function g is analytic since ¢ has compact support. Therefore, the knowledge of ¢
on B(0,2k) determines ¢ in R3 and thus also g. This uniqueness result corresponds to
Theorem 4.3 for the Born approximation.

As in the general case we define the corresponding far field operator F, from L?(S?)
into itself by

(Fp) (%) :=/u,§°(&,9)¢(9)ds(9), Tes?. (4.22)
SZ

From the explicit form (4.21) of u;° we observe that u;° satisfies always the reci-
procity relation (4.23) below. Also it follows that for real-valued g the operator Fj, is
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self-adjoint. In the general case of multiple scattering (i.e., where the Born approximation
fails to be an appropriate model) the operator F is no longer self-adjoint but only normal.
We collect some important properties of F' in the following theorem which corresponds
to Theorem 1.8.

Theorem 4.4 Let u®™ and F : L*>(S%) — L*(S?) be the far field pattern (4.18) and the
far field operator (4.20), respectively.

(a) The following reciprocity relation holds:
u®(=x,0) = u™(-6,3%) forallx,0 e S*. (4.23)

(b) The far field operator F satisfies F — F* = Slﬂ—kz F*F 4 2iR where F* denotes again
the L*-adjoint of F and R : L*(S?) — L*(S?) is some compact and self-adjoint
non-negative operator which vanishes for real-valued contrasts q.

(c) The scattering operator S: = I + 8?1_1{2 F is sub-unitary, i.e.,

k
S*S=1- —R.
4r
In the case where q is real-valued the scattering operator S is unitary, and the far
field operator F is normal.

(d) Assume that k? is not an eigenvalue of the following interior transmission problem
in D, i.e., the only solution (v,w) € H2(D) X H2(D) of

A+ k21 +qu=0inD, Aw+k’w=0inD, (4.24)
3 )
v=wondD and AL onoD, (4.25)
av ov

is the trivial one v = w = 0. Then F is one-to-one and its range R(F) is dense in
L*(5?).

Proof: (a) The proof of (1.28) depends only on the exterior of D and can literally copied
for the present case. Using the second Green’s theorem for the functions u(-,6) and
u(-,x) in D yields that

0 R . 0
/ u(y,0) —u(y,x) —u(y,x) —u(,0) |ds(y) =0
av av
aD
because both functions satisfy the same Helmholtz equation in D.

(b) Again, we follow the lines of the corresponding proof for the Dirichlet boundary
condition of Theorem 1.8, part (a). Equation (1.34) has to be replaced by

ZikZ/f(Imq)dexz/[vAW—WAv]dx: / [U——W—]ds. (4.26)
Jav av
D

R x|=
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We introduce the operator L : [*(S?) — L*(D) which maps g € L2(S?) into v|p
where v is the solution of the scattering problem with incident field v' (x) = [ g2 exp(ikx -
0)g(0) ds(8), x € R>. Then the left-hand side of (4.26) can be written in the form
2ik? ((Im q) Lg, Lh) 120D Equation (1.35) takes now the form

o2 ik

2ik (L*((Im CI) Lg)’h)LZ(SZ) = _W (Fg’Fh)LZ(S2) - (gth)LZ(SZ) + (Fg’ h)LZ(SZ)

which proves part (b) with Rg = K2L* ((Irn q) Lg).

(c) This is proved with the help of Part (b) above exactly as in Theorem 1.8, part (b).

(d) Again, as in the proof of Theorem 1.8, part (d), let g € L%(S?) be such that
Fg = 0 on S2. From the definition of the far field operator we note that Fg = w* where
w is the far field pattern which corresponds to the incident field w'(x) = /. 52 exp(ikx -
0) g(@) ds(9), x € R3. Rellich’s Lemma 1.2 and the analytic continuation argument
implies that the scattered field w* vanishes outside of D.> Then w = w' + w* and
v = —w! satisfy (4.24) and (4.25). By the assumption v and w have to vanish which is
only possible for g = 0. The proof of denseness of the range of F follows exactly the
lines of the proof of Theorem 1.8, part (d). [J

The interior transmission problem (4.24), (4.25) is an unconvential eigenvalue prob-
lem and corresponds to the interior Dirichlet, Neumann, or impedance eigenvalue
problem in the obstacle scattering case. It has been studied in, e.g., [41, 169] (see also
[43, 113]). In particular, it has been shown that, in general, for real-valued contrasts g
which satisfy a certain decay condition at the boundary dD there exists at most a count-
ably set of eigenvalues k2. For the spherically stratisfied case they indeed exist. On the
other hand, if Img > 0 on some set U C D then no eigenvalues exist. We refer to
Section 4.5 below for a detailed investigation of this transmission eigenvalue problem.

4.3 Factorization of the far field operators

We begin by considering the far field operator F;, for the Born approximation. This
integral operator F}, has an obvious factorization just as in the case of the multistatic
response matrix F of Section 4.1. Indeed, we define the operator H : [2(§%) — L2(D)
with adjoint H* : L>(D) — L?*(S?) by

HY)(x) = 1g0)] / v(©) e* 9 dsd), xeD, (4.27)
52
H o)) = / / o) e gD dy, feS?. 28)
D

3 Here we make use of the assumption that the exterior of D is connected.
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Substituting (4.21) into (4.22) and changing the orders of integration yields

Fyy = sz*<|%l Hw) . e, Fy=H*T,H (4.29)
with the operator Tjf := k’(signg)f for f € L*>(D). Here, and in the following, we
denote again by sign z = z/|z| the (complex) sign of z € C. Formula (4.29) corresponds
directly to the factorization (4.2).

Now we consider the general case (4.12), (4.13), i.e., we allow multiple scattering.
We make the Assumption 4.2 from the previous section.

Theorem 4.5 Let F : L>(S%) — L*(S?) be defined by (4.20). Then
F=H*TH (4.30)

with H and H* from (4.27), (4.28), respectively. The operator T : L*(D) — L*(D) is
defined by Tf = k* (sign q) [f ++/1q] vIp] where again sign q := q/|q| andv € H}} (R?)
is the radiating solution of

Av+K3(1 + gy = —kzimf inR3. 4.31)

Proof: Analogously to the case of an inpenetrable obstacle we define the data-to-pattern
operator G : [2(D) — L[*(5?) by f +— v where v € HILC(R3) solves (4.31). The
superposition principle and equation (4.14) yield F = GH . From (4.28) we observe that
H*g is the far field pattern w™ of the volume potential

Ww(x) = f/go(y)cboc,y) JaO)dy, xeR®.
D

For Holder continuous densities ¢+/|g| it is well known (cf. [70]) that w is twice
differentiable in R3 \ 9D and satisfies

Aw+k*w = —¢/|q| in R*\ aD. (4.32)

By a density argument the identity H*¢ = w® holds for all ¢ € L°°(D) and all ¢ €
L*>(D) where w € H 11} . (R?) denotes the (radiating) variational solution of (4.32). Now
we set ¢ = Tf = k? (signq) [f + +/Iq] v|p] where v solves (4.31). Then H*Tf = w>®
where w is the radiating solution of

Aw 4w = — /g Tf = —k> —L_

Vidl

Since also v solves the radiation condition we conclude that w and v coincide. This
implies H*Tf = v*° = Gf . Substituting H*T = G into F = GH yields the assertion. [J

f—kzquAv-i—ka inR3.

Remarks: This factorization (4.30) has the same form as (4.29) and differs only in the
form of T. While T}, is a multiplication operator and thus local we observe that T is
non-local because it contains the solution v of (4.31). We formally derive (4.29) from
(4.30) by setting v to zero. From the definition of v one observes that the operators 7 and
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T}, differ of order k* for small values of k. Also one observes that for real and positive
values of ¢ the operator T}, is the identity (times k2). We will see in Theorem 4.8 below
that T is a compact perturbation of 7j. An essential difference is also that for real-valued
contrasts g the operator Fj, is self-adjoint — as seen also from the factorization — while F
is only normal by Theorem 4.4.

4.4 Localization of the support of the contrast

Again, we make the Assumption 4.2 of Section 4.2. First, we will prove the following
characterization of D by the ranges of the operator H*, characterized by (4.28). This
result corresponds to Theorem 1.12 in the case of Dirichlet boundary conditions and to
Theorem 4.1 in the MUSIC algorithm.

Theorem 4.6 Let Assumption 4.2 hold. For z € R? define again ¢, € L*(S?) by (1.41),
Le.,
¢.(}) = e * 3es?. (4.33)
Then it holds that
z € D if,andonlyif, ¢, € R(H"). (4.34)

Proof: Assume first that 7 € D. We have to show that ¢, € R(H*). Let B[z,e] C D
be some closed ball with center z and radius ¢ > 0 which is completely contained in D.
Choose a function ¥ € C*°(R) with ¢ (z) = 1 for |¢t| > ¢ and ¥ (z) = O for |t| < ¢/2
and define v € C®(R?) by v(x) = ¥ (]x — z|) ®(x,z) in R3. Then v satisfies v = ®(-,7)
on 0D and dv/dv = dP(-,z)/dv on D and Av + k%v = 0 for |x — z| > &. Therefore,
from the representation theorem (see Theorem 2.1 of [43]) we have for x € D:

0 od
v(x)=/{d><x v ”(y) gy 22 ”}d()—// (M) + K20()) D (x.y) dy

v0)
oD

. E)q)(y,z) oD (x,y)
—Bl{cwx,y) et = b0.0) }ds(y)

// {Av() + K20 ()} @ (x,y) dy

ly—zl<e

_ / / (A0() + K0()] @ (x.y) dy

ly—zl<e
since the first integral vanishes by Green’s formula (® (-, x) and @ (-, z) both satisfy the
radiation condition). Since ® (-, z) and v coincide outside of D we conclude that

(%) = v F) = — ff [Av() + Ko} e * Y dy fork e $2.

ly—zl<e
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Now we set

| —[Av+k*]//q]  inBlz,el,
¢ = 0, inD \ B[z, ¢].

Then ¢ € L2 (D) since |¢q| is bounded below on B[z, ¢] and ¢, = H*¢ which proves
that ¢, € R(H™).

Let now z ¢ D and assume, on the contrary, that there exists ¢ € LZ(D) with
H*¢ = ¢, on S%. Then, by Rellich’s Lemma 1.2 and unique continuation,

/f o) P, y)VIg)|dy = ®(x,2) for all x in the exterior of D U {z}.
D

The left-hand side of this equation defines a C!-function in R3 (see Lemma 4.1 of [70])
and is a solution of the Helmholtz equation in the exterior of D. The right-hand side,
however, has a singularity at z ¢ D which is a contradiction. This proves the theorem. [

In what follows we will consider two cases of contrasts. First, we will treat non-
absorbing media and will derive a characterization of D by applying Theorem 1.23 since
in this case the far field operator F' is normal and the scattering operator unitary. Second,
we will treat general possibly absorbing media (i.e., g can be complex-valued). In this
case we will apply the abstract Theorem 2.15 from Chapter 2. We will not consider a
third case where ¢ is complex-valued everywhere on D and Im g is bounded below by
a positive constant. This case would lead to the particular simple characterization of D
by the (self-adjoint) imaginary part of F' alone. Instead, we refer to Chapter 5 where we
consider this case for Maxwell’s equations.

For both cases we need properties of the operator 7 in the factorization (4.30) which
we collect in Theorem 4.8 below. As in the case of Dirichlet boundary conditions (com-
pare Corollary 1.18) we have to exclude the case that k? is the eigenvalue of an eigenvalue
problem — which in this case is the interior transmission eigenvalue problem. However,
we need it in a weak formulation. First, we define the weighted space L*(D, |g|dx) as
the completion of L*(D) with respect to the norm corresponding to the inner product

(¢’¢)L2(D,‘q‘dx) = //‘¢$Iq|dx.
D

We note that for eigenpairs (v, w) of (4.24) and (4.25) the Cauchy data of the dif-
ference u = v — w vanish on dD. Furthermore, the u = v — w satisfies the differential
equation

Au+k*(1 +Qu = —kzqw inD.
This motivates the following definition.

Definition 4.7 k2 is called an interior transmission eigenvalue if there exists (u,w) €
H(} (D) x L*(D, |q|dx) with (u,w) # (0,0) and a sequence {wj} in H2(D) with Wi — w
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in L*(D, |q|dx) and Awj + kzwj- =0inD and

//[Vu-vw—k2(1+q)uw]dx=k2//qudx forall y € H'(D). (4.35)
D D

We note that the boundary condition du/dv = 0 on dD is implicitly included in
(4.35) by requiring that this equation holds for all v € H'(D). We can reformulate
the approximation of w by w; by requiring that w is in the closure of {d) € H>(D) :
A¢+k*p = 0in D} with respect to the norm || - 22D, jqlax) - We will study this eigenvalue
problem in Section 4.5 below.

Theorem 4.8 Let Assumption 4.2 hold. Then we have:

(a) The operator T from Theorem 4.5 can be written in the form T = Ty + K where T
has the form Tof = kz(sign Q) f forf € L*(D) and K : L*>(D) — L*(D) is compact.
If there exist t € [0, ] and ¢ > 0 such that

Re[e_” q(x)] > c‘q(x)’ almost everywhere on D, (4.36)

then the operator Re[exp(—it)Ty] is coercive, in particular,
Re [ (Tof iz | = K2 W oy f € LD, 437)
(b) Forallf € L*(D) we have
Im(TF . )120) 2 0.

(c) Assume that k? is not an eigenvalue of the interior transmission problem in the sense
of Definition 4.7. Then

Im(Tf, f)p2py >0 forallf e R(H), f #0.

We note that (4.36) is always satisfied for real-valued ¢ (withc = 1 andr = 0 if g is
positive or t = 7 if g is negative). For complex-valued ¢ with Re ¢ > 0 and Im ¢ > 0 this
condition is satisfied with t = 77/2 and ¢ = 1/+/2 since in this case Re g + Im ¢ > |q|.

Proof: (a) Theform T = T+ K is obvious where K mapsf € L2(D) into k2q/~/ lglvip
and v is the radiating solution of (4.31). The operator K is compact because of the compact
imbedding of H 1(D) into L2(D). Furthermore,

Re[ —il(Tyf, f)Lz(D) —k2 // w 12 dx > kch 12 dx.
D

(b) For f € L*>(D) we set w = f + /[q] v and have

(Tf 2y = k* f f (signq) wf dx = k? / (signg) w [w — /|| 7] dx
D D

=k2//(signq) |w|2dx—k2f/wiadx
/s s V14l
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Now we observe that v satisfies the differential equation
q

Vidl

f—Kqu=—-k2-L .

Vil

Av + kv = —k?
i.e.,

(Tf 2y = k* //(signq) |w|2dx+f/ﬁ[m+k2v] dx.
D D

By two applications of Green’s theorem (in D and in {x ¢ D : |x| < R}, respectively)
we arrive at

T Prp) =K //(signq) |W|2dx+//[k2|v|2 —|Vol?] dx+/@z—:ds

D D aD
d
=k2//(signq) |w|2dx+//[k2|u|2— IVol*]dx + / va—“ds.
v
D |x|<R |x|=R

For R — oo the last term on the right hand side converges to ik /(47)? J: g2 [0 % ds
since dv(x)/dv = ikv(x) + O(1/ |x|2) by the radiation condition. Therefore, also the
second term on the right hand side converges and

ik
(Tf .2y =k2//(signq) |w|2dx+//[k2|v|2— IVol*] dx + (4’”)2f|v°°|2ds.
D R3 52

Taking the imaginary part yields

Img k
Im(Tf, /) 12Dy :k2//m—||w|2dx+ (4n)2/|v°°|2d520.
D S2

(c) Letnow f € R(H) with Im(Tf, f)2py = 0. Then v*° = 0 and thus, by Rellich’s
Lemma, v = 0 in R3 \ D. Since v € HI%C(R3) we conclude that v|p € H(} (D) with
dv/dv = 0 on dD. Furthermore, we recall that v satisfies the differential equation

Av+K(1+quv=—k—f inR3.
+k5(1+¢q) «/Wf

Since f € R(H) there exists fj = Hy;; € R(H) with f; — f in L*(D). From the
form of H we note that f; has the form fj = /[g[ w; and wj is a solution of the Helmholtz
equation Aw; + k?w; = 0 in R3. With W = f/4/[q] this shows that (v, W) satisfies the
condition of being an eigenfunction in the sense of Definition 4.7. From the assumption
we conclude that (v, w) has to vanish and therefore also f. The combination of part (b)
yields the assertion. [

We recall the factorization of F in the form (4.30) of Theorem 4.5, i.e.,

F=H*TH
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which holds without any additional assumptions on k or g. As mentioned above, we
consider the real-valued and the general complex-valued cases separately.

First, we consider the case of real-valued contrasts g. In this case, by Theorem 4.4
the far field operator F is normal and the scattering operator S = I + Slﬂiz F is unitary.

In order to apply the characterization of Theorem 1.23 we set X = L?*(D) and have
to investigate the operator A = T from L%(D) onto itself. From the definition of T’ (or
the previous theorem, part (a)) we know that T = Ty + K with some compact operator
K, and Ty has the form Tof = +k>I (depending on the sign of ¢). The second main
assumption for the application of Theorem 1.23 is the positivity of Im 7 on R(H). This
has been just proved in part (c) of the previous theorem provided that k2 is not an interior
transmission eigenvalue.

Therefore, application of Theorem 1.23 and combination with Theorem 4.6 yields
the first main theorem of this section which is the analog to Theorems 1.25 and 1.27.

Theorem 4.9 In addition to Assumption 4.2 let q be real-valued and assume that k* is
not an interior transmission eigenvalue in the sense of Definition 4.7.
For any z € R3 define again ¢, € L*(S%) by (4.33), i.e.,

¢:(3) = e fes?
Then
zeD = ¢, e R((F*F)'%) (4.38)

—1
|(¢z’¢j)L2(52)|2

> 0. 4.39)
[Aj

— W) = Z
J

Here, Aj € C are the eigenvalues of the normal operator F with corresponding
eigenfunctions \j € L2(S?).
Therefore, xp(z) = sgn W (z) is the characteristic function of D.

Next, we turn to the problem where g can be complex-valued. Under the assumption
(4.36) of Theorem 4.8 will apply Theorem 2.15. Again, X is given by L*(D). The oper-
ator Re[exp(—it)T] can be written in the form Re[exp(—it)T] =C+ Re[exp(—it)K]
with compact K and where C = Re [exp(—it) To] is coercive by Theorem 4.8, part (a).
Furthermore, Im(Zf,f)2p > O for all f € R(H) with f # 0. Therefore, all of the
assumptions of Theorem 2.15 are satisfied. Combination with Theorem 4.6 yields:

Theorem 4.10 In addition to Assumption 4.2 assume that k> is not an interior transmis-
sion eigenvalue in the sense of Definition 4.7. Furthermore, assume that (4.36) holds,
i.e., that there exists t € [0, ] and ¢ > 0 such that

Re[e_i’ q(x)] > c|q(x)| almost everywhere on D .
For any z € R3 define again ¢, € L*(S%) by (4.33), i.e.,

$.}) = e M7 es?,
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Then

zeD — ¢, e R(F) (4.40)
—1
|(¢z, 1/fj)142(52)’2

— W) = Z .
-

J

>0 4.41)

where Fy = |Re[exp(—it) F]| +ImF, and X; € R are the eigenvalues of the self-
adjoint and positive operator Fy with corresponding eigenfunctions ; € L*(S?%).
Therefore, xp(z) = sign W (z) is the characteristic function of D.

We note that the implementation of this result requires the knowledge of the parameter
t € [0,]. As we have seen in the remark following Theorem 4.8 that for real-valued ¢
we can choose t = 0 or t = m, depending on the sign of g. If g is complex-valued and
Re g > 0 we can set t = 7/2. In the following lemma we give a sufficient condition for
the case that Reg < 0,

Lemma 4.11 Let there exist § > 0 with Re q(x) 4+ 6 Im g(x) > 0 almost everywhere on
D. Then assumption (4.36) of Theorem 4.8 is satisfied.

Proof: Choose A € R with 1/+/2 < A < 1 and set for abbreviation r = Re g(x) and
Jj = Im g(x). Then, because j > 0 and r + §j > O:

(r +28)2 = [+ 8) + 8] = (r+8)> + 837
82j2

Lo,
ST+ =538

==+ [P +2r8+ -
1
2y .2 22
= (1= + (2= 53) 87
>c (P +j%)
with ¢ = min{(1 — %), (2— ;—2)52} > 0. Since r+28j = (r+8j) + 8 > 0 this proves
Re[(1 —25i) - ()] = Ve [g)]|.

Writing 1+ 26i in polar coordinates as 1 +28i = ~/1 + 482 exp(it) yields the desired
estimate (4.36) (note that t € (0,7/2)). U

4.5 The interior transmission eigenvalue problem

This section is devoted to the investigation of the interior transmission eigenvalue prob-
lem of Definition 4.7. Throughout this section we strengthen Assumption 4.2 and assume
the following:

Assumption4.12 Let k be real and positive and D C R3 be open and bounded such that
the complement R3 \ D is connected. Let g € L>°(D) be real-valued and either g > 0
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on D or g < 0on D. In the latter case we assume the existence of some co > 0 such that
1 4+ g > co on D. Furthermore, we assume one of the following properties (A) or (B):
(A) There exists yo > 0 such that |q(x)| > yg for almost all x € D i.e. |q| is bounded

away from zero..
(B) g € C(D) and

)
dt

We extend q by zero outside of D.

Assumption 4.12(B) allows ¢ to vanish at the boundary of D. However, the decay of
|g| along the normal vector must exceed ¢, i.e., ]q(x — tv(x))| > ct” for some ¢ > 0 and

p <[0,1).
In the first part of this section we will prove a regularity result for solutions of the
eigenvalue problem. We define the spaces X and W by

X ={ueHyD):uel*D,dx/lq)},
W ={ueH}(D):u, Aue L*(D,dx/lq)), du/dv =0ondD}.

Here, du/dv is well defined (in the sense of the trace theorem) since Au € L*(D)
(see, e.g., [144]). The condition du/dv = 0 on dD can be formulated as

//[VM-varwAu]dx:o forall v € H'(D).
D

Analogously to L*(D, |g|dx) the weighted space L? (D, dx/ |q|) is defined as the
completion of Cg° (D) with respect to the norm

dx
Nl z2(p.ax1q)) = // uf* Il

D

L?(D, dx/|q] is obviously a subspace of L> (D). We equip X and W with the inner products

uv _
(w,v)x = V)2 axyigp + Vit VU 2(p) = //[m + Vu - Vv] dx,
D

_ _qdx
(u, v)w = (u, U)LZ(D,dx/|q\) + (Au, AV)r2(pav/lg) = // [uv + Au A’U] ITqI .
D

X and W are normed spaces which are boundedly imbedded in HOl (D). For X this is
obvious. For W this follows from Green’s theorem since

Vil = = [[ was < Nzl Sullz < Nalolalfy . (443)
D
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We note that under Assumption 4.12(A) the spaces X and W coincide with HO1 (D)
and {u € H} (D) N H*(D) : 9u/dv = 0 on dD}, respectively.

Lemma 4.13 Let Assumption 4.12 be satisfied. The spaces X and W are Hilbert spaces
and compactly imbedded in L>(D, dx/|q|). An equivalent norm on W is given by
IAGl12(D,ax/\q))- In particular, there exists ¢ > 0 with

IAull2p.axsiqn = € Null2paxyqy — forallu e W. (4.44)

Proof: The completeness of X is obvious. For W this follows from (4.43) as it can
easily be verified. Also, the space W is boundedly imbedded in X . Therefore, it suffices
to prove that X is compactly imbedded in L*(D, dx/|q|). We have to prove this only under
Assumption 4.12, (B) since under (A) this follows from the classical Rellich imbedding
theorem. First, we show the existence of some ¢ > 0 such that

u

|7 |7

forall§ < §pandallu € X.Here, y (§) is given by (4.42) and Us = {x eD:d(x,0D) <
8} and 8o > 0is chosen such that every z € Us, can uniquely be written as z = x — v (x)
for some x € dD and some ¢ € (0, &p) (cf. [43]). It is sufficient to prove (4.45) for smooth
functions u € X. For fixed x € 9D and smooth functions u € X we write (by a slight
abuse of notation) u(#) and ¢(¢) instead of u(x — tv(x)) and g(x — rv(x)), respectively.
Then, for 7,t € (0, §p),

2

<cy©® [ + ||W||§2<U50)} (4.45)

2
L2(Us) L2(Usy)

t 8o
lu(®)] < |u(t)| + /|Vu(x —sv()| ds| < [u()] + /5o /|Vu(x — sv(0)|* ds
T 0

and thus by squaring
3o
(0> < 2 |u()|? + 250/|w(x — sv(0)|* ds
0

2
_ 2lglloclu(@)]

3o
(0] +2500/|Vu(x—sv(x))|2ds.

Integration with respect to T from 0 to §¢ yields

8o )
lu(t)|? 2
Solu®1? <2 11¢lloo m(—r)'dr + 25§f|w(x —sv(x))|"ds.
0 0

Division by 8p|q(?)|, integration with respect to ¢ from O to §, and integration with
respect to x € 3D yields (4.45).
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Now we use standard arguments to prove the compact imbedding property. Indeed,
let {u;} be a sequence in X with ||u;]|x < 1.Then {4;} is also bounded in H(} (D) and thus
contains a weakly convergent subsequence which we denote also by {u;}. Let u be the
weak limit. Then |lu; — ul|;2p) — O since H(} (D) is compactly imbedded in L>(D). It
remains to show that ||uj —ull;2(p 4. /q) — 0. Letée > 0 be arbitrary. Choose § > 0 with
4cy(8) < &/2 where c is the constant in (4.45). On D \ Uj the function |g| is bounded
below by some gg > 0. Using (4.45) we estimate

2 uj —u? uj —u?
oy = w2 p avpigny = J
dx/lq Vil 2wy g1 | 20\0y)
<cy® | [ + 1V — w)?
<c MJ —Uu 2077,
N e £ )
+ L —up?

— luj — u
9 ] L2(D\Ua)

1
fcﬂ&Hw—m&+%Hw—w§@

¢
=3 + 7= £

for sufficiently large j. This proves that X is compactly imbedded in L>(D, dx/|q]).
Finally, assume that there exists no constant ¢ > 0 with (4.44). Then there exists a
sequence u; € W with Nwill2p.axy1qny = 1 and Auy; — 0Oin L*(D,dx/|q]). Since the
sequence {u;} is bounded in W there exists a weakly convergent subsequence u; — u in
W. From Au; — 0 we conclude that Au = 0 and thus # = 0. On the other hand, since
W is compactly imbedded in L?(D, dx/|q|) the sequence {u;} has to converge in norm
to u which contradicts ||ujll;2p gv/)q) = 1 and u = 0. [

After these preparations we are able to prove the main result of this section.
Theorem 4.14 Let Assumption 4.12 be satisfied.
(a) If k* is an interior transmission eigenvalue in the sense of Definition 4.7 with
corresponding eigenpair (u,w) € HOl (D) x L>(D, |q|dx) then u € W and u satisfies
dx
//[Au + I+ Qu] [AY + kY] = =0 forally e W. (4.46)
q
D

(b) The set of interior transmission eigenvalues is discrete. If there exist infinitely many
eigenvalues then +00 and —oo are the only possible accumulation points.

Proof: (a) From well-known regularity results (see [70], Theorem 8.12) we conclude
that u € H2(D) and u satisfies

Au+k*(1+q)u=—k*qw inD (4.47)
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and that u and du/9dv vanish on dD. Since the right-hand side is in L3(D, dx/|q]) it
suffices for u being in W to show that u € X. First, we choose ¢+ > 0 such that
the variational equation

//[w VY — K21 +1g) vy ]dx=0  forally € H} (D)
D

admits only the trivial solution v = 0 in H(% (D). (We leave the simple proof that such
a parameter > 0 exists to the reader.) Then we observe from (4.35) that u € HO1 (D)
satisfies

//[w.vw—kz(l +igyuy)dx=L(y), Y eH\(D),
D

where

() =k2//[(1 —tu+wlqydc, yeH (D).
D

We study this equation in X. More precisely, with the given (and fixed) eigenpair
(u,w) € HO1 (D) x L(D, |g|dx) we rewrite this equation and consider

W, ¥)x —a, ) =€W), v eX, (4.48)
for v € X where a is given by

2 dx
a(v,1ﬁ)=//[1+k |q|(1+tq)]mﬁm, v, eX.
D

The choice of t assures that (4.48) has at most one solution v € H(} (D) and thus in
X . We show that (4.48) has a solution v € X which would imply thatu = v € X.

Since a is bounded in X x X and ¢ is bounded in X there exists a bounded operator
K from X into itself and r € X with a(v,¥) = (Kv,¥)x and £(yy) = (r,¥)x for all
v, ¥ € X.Therefore, (4.48) can be written as v— Kv = rin X . Furthermore, the operator
K is compact in X . Indeed, let {v;} converge weakly to zero in X . Then, by Lemma 4.13,
{vj} converges to zero in the norm of L*(D, dx/|q|). Therefore, by the form of a,

IKvjl1% = a(vj, Kvp) < ¢ 1l 2.as1ap 1K 2 .aspian < € 10l 20.ass10 1K 0 1

and thus [|[Kvjllx < ¢ vl 2p.ax/1g) = 0 as j tends to infinity. This proves compactness
of K in X. The Riesz—Fredholm theory (cf. [42]) implies existence of some v € X of
(4.48). Therefore, we have shown that u € W.

It remains to prove (4.46). Recall that there exists a sequence w; € H 2(D) with
wj — win L*(D, lgldx) and Aw; + kZWj = 0 in D. Green’s theorem yields
Jpwi [Av+k*y] dx = Oforyr € W.Therefore, also | [, w [ Ay +k>y] dx| = | [,,(w—
w;) [Atﬁ + kzw] dx| < clw = willi2p,gian I¥ Ix — 0 asj tends to infinity and thus
[pw[AY + K>y ] dx = 0. Now we divide (4.47) by ¢, multiply it by Ay + k24, and
integrate over D, and arrive at (4.46).
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(b) We write (4.46) in the form
ao(u, @) + k> a1, ) + k*ar(u,¢) =0 forallg € W

where the sequi-linear forms a; : W x W — C are defined by

—dx
ap(v, @) =// AvAd);,
D

@1(0, ) =//[(1 +QUAG + Avd %
D

—dx
az(%¢)=//(1+q)v¢;.
D

First we observe that all forms are bounded in W x W. Therefore, by a well-known
theorem of Riesz there exist linear and bounded operators A;, j = 0, 1,2, from X into
itself with

4i(v,¢) = (Ajv,0),, . vipeW, j=0,1,2.

Furthermore, the form 4-ap or —ay is coercive (depending on whether g > 0 or
q < 0). To see this we set 0 = sign g and estimate

2 dx 2 dx 2
o av(d. ) =o£/|A¢| = =£/|A¢| o = 180 120.001)

2
-1 IAg]? + g2 > L min{1,¢%) ol
=9 L2(Ddx/lg) T o L2(D,dx/lq)) = 2 ’ w

where we used the estimate (4.44). Therefore, the operator oA is coercive, i.e.,

o (Aog.9),, =0 ao(p.¢) = Ellglly, forallp e W.

Finally, we show that A; and A, are compact in W. Let ¢,, converge weakly to zero
in W. Then the special form of a; allows the estimate:

1A16a 13 = a1 (B Ardn) < 11+ qlloolidnll 20 s i I1A1allw

+ldnllw 1A1Dnll 12(D.ax /1)) -

By the compact imbedding property we note that [¢nll;2(p ay/q) — 0 and also
A1l 2D dx/1g) — 0. This and the boundedness of the sequences || ¢, |w and [|A1d, ||w
imply norm convergence A1¢,, — 0 in W. The proof of compactness of A, follows by
analogous arguments.

Therefore, the variational equation (4.46) is equivalent to the equation

Aou+ k> Aju+k*Au =0, (4.49)

i.e., u € W is an eigenfunction of this nonlinear eigenvalue problem corresponding to
the eigenvalue k2. Since oA is self-adjoint and coercive there exists a self-adjoint and
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coercive square root R of 0 Ag. Furthermore, 0 A, is self-adjoint and positive. Therefore,
there exists B, from W into itself with B% =oR AR Defining u1,u; € W by

Uy =Ru, up= k232u1 = k2BzRu

we observe that (4.49) is equivalent to the system

1 [ —oR'AIR7! —-B, uy
o ( 0 > = < B, 0 w ) (4.50)
From this the assertion follows since the matrix operator is compactin W x W. U

Remarks: In Chapter 1 we studied the obstacle scattering case while in chapter we
treated the inhomogeneous medium case. In most applications a combination of both
situations occur: An obstacle is located inside an inhomogeneous medium. The inverse
scattering problem is to recover the shape of the obstacle from the far field data when
the properties of the inhomogeneous medium (i.e., the index of refraction is known).
The question of uniqueness of this inverse problem has been proved in [128]. In a recent
paper [148] Nachman, Piivérinta, and Teirild applied the Factorization Method to the
more general situation where the (known) background contrast g does not need to have
compact support but is allowed to be in L130 C(R3) satisfying a short-range condition.
In this paper a different presentation of the abstract Factorization Method is presented
which avoids the introduction of the inf-condition of Theorem 1.16 and replaces it by
the following characterization (in the notation of Theorem 1.16):

|1/2

p€RMB) < 3Ic>0: [(g.¥)| <c[(y.Fy)| " VyeY.



5

The factorization method for
Maxwell’s equations

5.1 Maxwell’s equations

Electromagnetic wave propagation is described by particular equations relating five
vector fields £, D, 'H, B, and J and the scalar field p, where £ and D denote the electric
field and electric induction, respectively, while H and B denote the magnetic field and
magnetic induction. Likewise, J and p denote the current and charge distribution of
the medium. All fields will be assumed to depend both on the space variable x € R3 and
on the time variable t € R.

The actual equations that govern the behavior of the electromagnetic field may be
expressed easily in integral form. Such a formulation, which has the advantage of being
closely connected to the physical situation, has been used effectively by a number of
authors, in particular by Sommerfeld [175] and by Miiller [147]. We use the more
familiar differential form of Maxwell’s equations which can be derived very easily
from the integral relations by the use of the integral theorems of Stokes and Gauss.
Maxwell’s equations in differential form formulate Ampere’s Law, the Law of Induction
and Magnetic Laws, respectively, as:

a
curlH:ED—l-j G.D
]
curl€ = ——B 5.2)
ot
divD =p (5.3)
divB=0 (5.4)

Taking the divergence of (5.1), using (5.3), and noting that div curl = 0 we derive an
equation relating the current and charge densities:

9
div.J +—-p=0. (5.5)

We may consider (5.5), as analogous to the continuity or conservation equation in
fluid dynamics. It expresses the fact that charge is conserved in the neighborhood of any
point.
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The current density [/ commonly consists of two terms: one, 7., associated with
external sources of electromagnetic disturbances and the other, 7., associated with con-
duction currents produced as a result of the electric field. We will be considering source
free regions for which 7, vanishes.

We will consider electromagnetic wave propagation in linear and isotropic media.
This means, first, that there exist linear relationships (the constitutive relations) between
& and D, H and B:

D=¢&, and B=uH. (5.6)

In general, the quantities € and ¢+ may be space dependent, but we assume that they
are independent of time and of direction and are therefore scalar (as opposed to tensor)
quantities. Hence the term isotropic.

The permittivity or dielectric constant, €, is related to the ability of the medium to
sustain an electric charge. Its value, €p, in a vacuum has been experimentally deter-
mined and is approximately 8.854 - 10?2 As/Vm while that, say, in fused quartz it is
approximately 3.545 - 10~ As/Vim.

The magnetic permeability for most substances, w, is close to its value in vacuo
o = 4m-10~7 Vs/Am. Those substances for which y is significantly different from this
value are called magnetic, either paramagnetic or diamagnetic if © > po or © < po,
respectively.

We assume that € and p are independent of the field strength.

The quantity co := 1/,/€ouo has the dimension of velocity. It is a consequence of
the field equations that this quantity is the velocity of propagation of the electromagnetic
field disturbance through free space. Experimental measurements have shown that, in
vacuo, this velocity is the same as that of light and hence ¢y ~ 2.9979 - 108 m/s.

Two special cases will be considered in the following: media in which the
constitutive parameters vary smoothly, and media in which there are manifolds of
discontinuity (interfaces) of these parameters. In a medium where € and x vary smoothly,
Maxwell’s equations are equivalent to a system of partial differential equations. In
the second case where an interface exists, the behavior of the constitutive param-
eters determine transmission or boundary conditions for the magnetic and electric
fields.

To the linear constitutive relations, we add a third, namely Ohm’s Law, which relates
the quantities 7, and £ by a linear relation of the form

TJ.=0€&. 6.7

The scalar function o is called the conductivity. Substances for which o is not
negligibly small are called conductors. Metals, for example, are good conductors as is
brine.

From now on we assume that all fields vary periodically in time with the same angular
frequency @w = 27/T and period 7. This could be insured by assuming periodic time
dependence of the applied external currents or fields.
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It is very convenient to use the complex representation of the fields in the form
E(x,t) =Re (E(x) e*iwt> ’ D(x,1) = Re (D(x) e*ia)t) ,
H(x, t) = Re <H(x) e_iwt) , B(x7 t) — Re (B(x) e—ia)t) )

Here, E, D, H, and B are now space-dependent complex vector fields. By using
these formulas the derivative with respect to time transforms into multiplication by —iw.
Thus, Maxwell’s equations (5.1)—(5.4) in conducting, isotropic, and source free media
(i.e., Jo = 0 and p = 0) read for the space dependent parts

curl H = (—iwe +0) E, (5.8)
curlE = iou H , 5.9)
div(eE) =0, (5.10)
div(uH) =0. (5.11)

We remark that (5.10) and (5.11) follow directly from (5.8) and (5.9) for homogeneous
media, i.e., for which €, i, and o are constant.

If we consider a situation in which a surface I" separates the two media D and R3 \ D
from each other, the constitutive parameters €, i, and o are continuous in both media
but have finite jumps on I'. While Maxwell’s equations (5.8)—(5.11) hold in D and in the
exterior of D , the presence of these jumps implies that the fields E and H satisfy the
following transmission conditions on the surface I'.

vxEy—vxE_=0 and vxH;y—vxH_=0 onl. (5.12)

Here again, v = v(x) denotes the exterior unit normal vector at x € I", and E+ and
H denote the limits of E and H, respectively, from the exterior (4) and interior (—).

5.2 The direct scattering problem

In this section we study the direct scattering problem for non-magnetic media. Let
k = w./eopo > 0 be the wavenumber with frequency w, electric permittivity £, and
magnetic permeability o in vacuum. An incident electromagnetic field consists of a
pair H' and E' which satisfy the time harmonic Maxwell system in vacuum, i.e.,

curl E' — iougH =0 inR3, (5.13)
curl H + iwegE' =0 inR>. (5.14)

This incident wave is scattered by a medium with space-dependent electric permit-
tivity ¢ = e(x) and conductivity o = o (x). We assume that the magnetic permeability
1 is constant and equal to the permeability pg of vacuum. Furthermore, we assume that
& = g9 and o = 0 outside of some bounded domain. The total fields are superpositions
of the incident and scattered fields, i.e., E = E' + ES and H = H' + H® and satisfy the
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Maxwell system
curlE — iopogH =0 in R3, (5.15)
curl H + iwsE = cE inR>. (5.16)

Furthermore, the tangential components of E and H are continuous on interfaces
where o or ¢ are discontinuous. Finally, the scattered fields have to satisfy the Silver—
Miiller radiation condition

[EO b5 () x x — [X|ES(x) = O <i> as |x| > oo (5.17)
&0 |x|

uniformly w.r.t. x = x/|x|.

In this chapter we will always work with the magnetic field H only. This is motivated
by the fact that the magnetic field is divergence free as seen from (5.15) and the fact that
div curl = 0. In general, this is not the case for the electric field E.

Eliminating the electric field E from the system (5.15), and (5.16) leads to

1
curl |: - curlH] —ilwuoH =0,

g —1lwe

1
curl |:— curlH] —k’H=0 imnR? (5.18)

Er
where &, denotes the (complex-valued) relative permittivity

&r(x) = @ +i @. (5.19)
€0 w EQ

We note that &, = 1 outside of some bounded domain. The incident field H' satisfies

curl?H' —k’H' =0 inR>. (5.20)
Subtracting both equations yields
1 i ' i
curl |:— CurlH‘i| — k’H® = curl[q curlH’] inR3, (5.21)
Er

where the contrast g is defined by ¢ = 1 — 1/¢,.. The Silver—Miiller radiation condition
turns into

curl H*(x) x x — ikH*(x) = O (ﬁ) , x| = oo. (5.22)
x

The continuity of the tangential components of E and H translates into analogous
requirements for H* and curl H%/¢,.

It will be necessary to allow more general source terms on the right-hand side of
(5.21). In particular, we will consider the following problem:

Er

1
curl [— curl v] —k?v=curlf inR? (5.23)
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and v satisfies the Silver—Miiller radiation condition (5.22). Here f € L*(R3,C3) is an
arbitrary vector function with compact support. The solutions v of (5.23) as well as of
(5.18) and (5.21) have to be understood in the variational sense, i.e., are sought in the
space

Hjpe (curl, R?) = {v :R* — C3: v|g € H(curl, B) for all balls B C R3}
where
H(curl,B) = {v € L*(B,C?) : curlv € L*(B,C?)}.

We recall that a vector function v € L2(B, C3) possesses an [*-curl if there exists
w € L*>(B, C?) (which is denoted by curl v) with

//[w-t/f—v~curlt/f]dx=0 for all y € CJ°(B, CY).
B

This definition is motivated by the Green’s formula in the form

//[vocurlw—wwurlv]dx:/w-(vxv)ds (5.24)
B B
for all sufficiently smooth vector fields v and w.
H (curl, B) is a Hilbert space with inner product

(W, WHeunB) = (0, W) + (curlv, curl w2 g .

Then v € Hj,(curl, R?) is said to be the variational solution of (5.23) if v satisfies

//[l cur1v~cur11p—kzv-t/f:|dx=//f-curlwdx (5.25)
R3 ér R3

for all ¥ € H (curl, R?) with compact support. Outside of the supports of &, — 1 and f
the solution satisfies curl® v — k2v = 0. Taking the divergence of this equation and using
the identities div curl = 0 and curl®> = —A + V div this system is equivalent to the pair
of equations

Av+k*v=0 and diveo=0.

Classical interior regularity results (cf. [70] combined with [43]) yield that v is
analytic outside of the supports of ¢, — 1 and f. In particular, the radiation condition
(5.22) is well defined.

There are several approaches for proving existence of a solution of this scattering
problem. In [127] it was suggested to transform (5.25) into a variational equation on
a bounded domain with non-local boundary conditions involving the exterior Calderon
operator. A similar — but different — approach has been studied in [59] for the case of a
layered background medium, cf. also [146]. In [43] an equivalent integral equation for
the electric field is derived from which existence can be proved by the Riesz—Fredholm
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theory. However, this approach assumes that o and &, are smooth functions in R, and
it is not clear how this method can be generalized to non-smooth data. In [122] one of
us derived a new integral equation (even for the case where the background medium is
layered) which we will present in the following.

Assumption 5.1 In the following, we assume that D C R3 is open and bounded with
D € C2. Furthermore, let k > 0 be the (real and positive) wavenumber and €, €
L®(R3) such that Ree, > 0 and Ime, > Oand e, = 1 on R3 \ D. Furthermore, we
assume that there exists co > 0 with Ree, + Ime, > co on D. Then, in particular,
1/e, € L®°(R3).

Before we show equivalence of the variational formulation to an integral equation
we prove the following crucial lemma.

Lemma 5.2 Consider the volume potential

v(x) = curl // O, y)f()dy, xeR3, (5.26)
D

where again ® (x,y) denotes the fundamental solution of the scalar Helmholtz equation
inR3 ie.,

exp(ik|x —y|)
D,y = ——
*x,¥) prp— xXFYy

(a) For f € CY(D,C?) the volume potential v € C*(R>\ dD,C?) is the unique
classical solution of the transmission problem
curl>v —k*v =curlf inR3\ oD, (5.27)
vX (@ws—v_)=0, vx(urlvy —curlv_)=f xv onaD, (5.28)
satisfying the radiation condition (5.22). (In (5.27) we have set f = 0 in the exterior
of D.)

(b) Forf e L*(D,C3) the volume potential is the unique radiating variational solution
of (5.27), and (5.28), i.e., v € Hj,c(curl, R3) solves

// [curlv - curl y — kv - y]dx = //f - curl ¥ dx (5.29)
R3 D

for all € H (curl, R®) with compact support.
(c) The restriction of v to D defines a bounded operator from L*(D, C3) into H (curl, D).
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Proof: (a)Letf e che(D, (C3) and a € C3 be a fixed vector. For x ¢ dD we have

a-v() = —ffa 90 0ry) x £()] dy
D
= f/ curly[cb(x,y) a] -fO)dy
D

— [[owna-eutrorar+ [ ema: (o) x vm)dse.
D

oD

Since this holds for all @ € C? we conclude that

v(x) = // P (x,y) curlf(y)dy + / D(x,y) [f () x v ]ds) .
D

oD

From the classical jump conditions of the volume and single layer potential with
Holder continuous densities (cf. [43]) we conclude that v is continuous in R? and v x
(curlvy —curlv_) = f x von dD and Av + kv = — curlf in D. Furthermore, the
divergence of v vanishes which proves (5.27). We have therefore shown that the volume
potential (5.26) is a classical solution of (5.27) and (5.28). The radiation condition (5.22)
can be seen directly (see [43] for a proof). It remains to show uniqueness which we will
prove later in Theorem 5.5 for a more general case.

(b), (c) Let now f € L*(D,C3). Then the volume potential v is well defined and
a function in Hj,(curl, R3). This latter property is seen from the fact that the volume
potential

% > f[@(m)f(y)dy, xe R,
D

isin H 1%)0 (R3,C3) (cf. [144]). Therefore, since for smooth f the potential v solves the
variational equation (5.29) a density argument implies this also for f € L?(D, C?). For
uniqueness we refer again to Theorem 5.5 below. [

Now we go back to the transmission problem (5.25) and write it in the form

//[curlv~cur11/f—k2v~Iﬂ]dx=//[f+q curl v] - curl ¥ dx
R3 D

for all ¢ € H (curl, R®) with compact support. Again, we recall that g = 1 — 1/¢,. By
Lemma 5.2 this equation is equivalent to

v(x) = curl // D(x,y) [f(y) +q©) curlv(y)] dy, x¢€ R>. (5.30)
D
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Therefore, as a corollary of Lemma 5.2 we have:

Lemma 5.3 Define the integral operator A : L*(D,C3) — H (curl, D) by

(Af)(x) = curl //@(x,y)f(y)dy, xeD. (5.31)
D

(a) If v € Hjpe(curl, R3) is a radiating solution of (5.25) then the restriction v|p €
H (curl, D) solves the equation

v — A(q curlv) = Af . (5.32)

(b) If v € H(curl, D) solves equation (5.32) then the extension of v by the right-hand
side of (5.30) solves (5.25) and the radiation conditions (5.22).

We note that A is well defined by part (c) of Lemma 5.2.

It is the aim of the next lemma to prove that the mapping v +— v — A(q curl v)
is a Fredholm operator of index 0. We introduce the operator A; : L*(D,C3) —
H (curl, D) by

(Aif ) (x) = curl // Q;(x,y)f(y)dy, xeD, (5.33)
D
where
exp(—|x —y))
Di(x,y) = A " £V,
Tlx =yl

is the fundamental solution for k = i.

Lemma 5.4 (a) The operator A — A; is compact from L*(D, C?) into H (curl, D).
(b) The operator v +— v — A;(q curl v) is a bounded isomorphism from H (curl, D)
onto itself.

Proof: Part (a) follows from the smoothness of ® — &;.

(b) We consider the equation v — A;(q curlv) = g for any g € H(curl,D), i.e.,
v — g = Aj(q curlv). The assertion of Lemma 5.2, part (b), holds also for A;. Therefore,
v € H(curl,D) is a solution of v — g = A;(gq curlv) if, and only if, there exists an
extension w € H (curl, R?) of v — g into R? which solves

f/[curlw.curll//+W.1ﬁ']dx://q CurlU~Curl'(ﬁdx
R3

D

= //q curlw-curhﬂdx%—//q curl g - curl ¢ dx
D D
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for all ¥ € H (curl, R3) with compact support, i.e.,

1

// |:— curlw-curlyy +w - 1//:| dx = //q curl g - curl ¢ dx (5.34)
Er

R3 D

for all ¥ € H(curl, R3). Note that, by Lemma 5.2 and the fact that ®;(x,y) decays
exponentially for y € D we conclude that w € H (curl, R?) and this equation holds for
all ¥ € H(curl, R?). The left hand side of (5.34) defines a bilinear form a(w, ¥) on
H (curl, R?) x H (curl, R?) with

: 1 co
wi/4 — g 2
Re[e a(w,w)] > ﬁmln { ng”go s 1} ”W”H(curl,R3)
for all w € H (curl, R?). Indeed, by Assumptions 5.1 we have

Re [em'/4 1 } _Re &r(x) +1Im &-(x) > o .
V2 e ()2 V2 el

&r(x)

Therefore, equation (5.34) has a unique solution for all g € H(curl, R3). From
this the assertion of part (b) follows easily. Indeed, for g = O we conclude that the
corresponding w has to vanish in R3, thus also v since w is an extension of v — g. For
given g € H(curl, D) we determine w € H (curl, R3) as the solution of (5.34). Then
v := w|p + g solves v — g = A;(¢q curl v). This ends the proof. [J

Combining Lemmas 5.3 and 5.4 yields the first part of the following theorem.
Theorem 5.5 Let &, € L™ (R3) satisfy the above Assumptions 5.1.

(a) Then (5.25) satisfies the Fredholm alternative,! i.e., there exists a unique radiating
solution v € Hj,.(curl, R3) of (5.25) for every f € L*(D, (C3) provided uniqueness
holds. In this case, for any compact set B containing D in it’s interior there exists a
constant ¢ > 0 (depending only on B, w, |10, €0, and &) such that

l0llecurtpy < cllf 2y forallf € L*(D,CY).

The restriction of v to D is the unique solution of the integro-differential equation

v(x) = curl // O, y) [fO) +q@) curlv(y)]dy, xeD. (5.35)
D

(b) Let, in addition, Ime, > 0 a.e. in D or g, € cle (D). Then uniqueness holds, i.e.,
also existence by part (a).

Proof: Ttsuffices to prove uniqueness. We assume that v is a solution of the homogeneous
problem, i.e., of (5.25) for f = 0. We set w(x) = v(x)¢ (x) in (5.25) where ¢ € C®(R3)
is some mollifier with ¢ (x) = 1 for |x| < Rand ¢ (x) = O for |x| > 2R. Then, by Green’s

1 Actually, we show only one part of it.
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theorem (note that v is smooth for R < |x| < 2R) and the boundary conditions ¢ = 1
for |x] = Rand ¢ = O for |x| = 2R,

0= // |:8l| curlv|2 _ k2 |U|2:| dx + // [Curlv - curl(Tgp) — k2 |U|2¢>]dx

|x|<R R<|x|<2R
1 2 20,12 _
= —|curlv|® — k“|v|* | dx — (curlv x v) -vds. (5.36)
e
[x[<R ' |x|=R

Taking the imaginary part yields
Im / (curlv x v) -vds <0
Ix|=R

since Im(1/¢,) < 0. From this and the binomial theorem we estimate

2
f curl v(x) x |x—|—ikv(x) ds(x)
X
[x|=R
= / [lcurlv® + k*[v[*]ds — 2k Im / (curlv x v) - Tds
[x[=R |x|=R
> /[|curlv|2+k2|v|2]ds.
Ix|=R

From this estimate and the radiation condition we conclude that f\x|= R |v|? ds and
f‘ =g | curl v|* ds tend to zero as R tends to infinity. Since the components v; satisfy the

scalar Helmholtz equation Av; + kzvj = 0 outside of D Rellich’s Lemma 1.2 and the
analytic continuation principle yield that v vanishes outside of D.

Ife, € C¥(D) we extend ¢, to a C1?-function into a (exterior) neighborhood of D
and apply the unique continuation principle (see [43]) which yields that v also vanishes
in D.

If Ime, > 0 on D we go back to (5.36) which takes the form (note that v vanishes

outside of D)
1
// |:—|curlv|2—k2 |v|2i| dx =0. (5.37)
Er
D

Taking the imaginary part of this equation yields curl v = 0 in D and thus alsov = 0
inD. [J

As we saw in the proof, the question of uniqueness of this scattering problem is
closely related to the unique continuation property. To the authors knowledge, the unique
continuation property has been proved for smooth contrasts only. We followed [43] and
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assumed &, € C1*(D) by modifying their arguments. The weakest assumptions on &,
for which the unique continuation property holds seems to be due to Vogelsang, see [181]
and [152].

Remark 5.6 If U C R? is any open and bounded set such that U N (supp (¢, — 1) U
suppf) = @ then the mapping f — v|y is compact from L?(B, C3) into C"(U, C?) for
all m € N. This follows directly from the extension of (5.35) into R3.

It is well known (see e.g. [43, 146]) that every radiating solution v of (5.23) has an
asymptotic behavior of the form

U(x)zw 00()+(9(|1|2) [x] = oo,

47 x|
uniformly w.r.t. X = x/|x|. The vector field v°° is called the far field pattern of v. It is an
analytic function on the unit sphere §> = {x eR3: x| = l} with respect to X and is a
tangential field, i.e., it satisfies v™° (%) - ¥ = 0 for all X € S2.
We go now back to the scattering problem (5.15)—(5.16) and consider the special
case where the incident waves H' and E' are given by plane waves of the form

. 4 . 1 . .
H(x,0;p) = pe™* and E'(x,0;p) = ——— curl H (x,0:p) = — /@ @ x p) *0~.
1WE( €0
(5.38)

Here, 6 € S? denotes the direction of incidence and p € C? the polarization vector.
We have to assume that p - 0 = 213:1 pjf = 0 in order to ensure that H "and E' are
divergence free.

Then the far field patterns H* and E* of H® and E*, respectively, are defined
and depend on 6 and p as well. We will indicate this dependence by writing H>* =
H®(x,0;p) and E*° = E*°(,0;p). Note again that they are tangential vector fields,
ie, H®(,0;p)-x=0and E®(%,0;p)-x =Oforallx € S*and all 6 € % andp € C3
with p - 6 = 0. Furthermore, E* (%, 0;p) = H*®(x,0;p) X X, see [43]. Therefore, it is
sufficient to work only with one of the far field patterns. Our approach suggests to work
with H®° rather than with E°.

The far field patterns depend linearly on p, i.e., we can write H®(x,0;p) =
H> (@3, 0)p for all p € C3 with p - = 0 where H™>(%,0) € C3*3 is a matrix.

We are now able to define the inverse scattering problem. Given H (x,0;p) for all
%,0 € S? and p € C3 with p - 6 = 0, find the support D of ¢. Because of the linear
dependence of H on p it is sufficient to know H *° only for a basis of three vectors for p.
The task of determining only D is rather modest since it is well known that one can even
reconstruct g uniquely from this set of data, see [53]. However, the proof of uniqueness
is non-constructive while we will give an explicit characterization of the characteristic
function of D which can, e.g., be used for numerical purposes. Also, our analysis works
also for anisotropic media where it is well known that &, can only be determined up to
a smooth change of coordinates.
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We introduce the subspace L?(SZ) of L2(82,C? consisting of all tangential
fields, i.e.,

LZ(S?) = {veX(SLC) 1 v(®) -2 =0, ke $?}.

The far field operator F : L2(S%) — L?(5?) is defined as

(Fp)(}) := /HOO()?,G;p(Q))ds(G), e s (5.39)
S2

It is linear since H*° depends linearly on the polarization p. We note that Fp is the
far field pattern of the magnetic field which corresponds to the incident (magnetic) field

Up(x) = / H'(x,0;p(0)) ds(0) = f p©) e*?ds@), xeR>. (5.40)
52 52
These entire solutions of curl? v — k2v = 0 are called Herglotz wave functions with
density p.

Before we turn to the factorization we collect again important properties of F in the
following theorem which corresponds exactly to Theorems 1.8 and 4.4.

Theorem 5.7 Let H® and F . L,z(Sz) — LZZ(SZ) be the far field pattern and the far
field operator (5.39), respectively.

(a) The following reciprocity relation holds:
q-H®(=%,0;p) =p-H®(-0,%q) (5.41)

forall%,6 € S* andp,q € C} withp -0 =0and q - % = 0.

(b) The far field operator F satisfies F — F* = 8’;1—1‘2 F*F 4 2iR where F* denotes again
the L*-adjoint of F and R : L,2(S2) — L,2(S2) is some compact and self-adjoint
non-negative operator which vanishes for real-valued contrasts q.

(c) The scattering operator S := 1 + 8% F is sub-unitary and has the form

k

S*S=I—-—R
472

with some non-negative operator R. In the case where q is real-valued the operator R
vanishes, the scattering operator S is unitary, and the far field operator F is normal.

Proof: This is proven by very similar arguments as in the proofs of Theorems 1.6, 1.8,
and 4.4. We use Green’s theorem and Green’s formula in the form (cf. [43]):

//[v ~curl®>w — w - curl? v]dx = /[w x curlv — v x curlw] - vds (5.42)
D aD
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and
v(x) = —CurI/(v(y) x v(y)P(x,y)ds(y) + kizcurl2 f(v(y) x curl v(y))® (x, y)ds(y)
D D

(5.43)

for x € D. The asymptotic form of the fundamental solution ® (x, y) for |[x] — oo yields
the representation of the far field pattern in the form

VO ®F) = / [ik & x (1) x v()) +3 x (v(y) x curlv(y)) x i] e %5 ds(y) (5.44)

aD

for k € S2. '
(a) Green’s formula (5.42) applied to H in D and to H® in R® \ D, respectively,
yields

0= /[Hi(y,f?,p) x curl H' (v, %,q) — H'(v,%.q) x curl H'(y,0,p)] - v(y) ds(y) ,
oD

0= f[HS(y,G,p) x curl H(y, X, q) — H*(y,%, q) X curlHS(y,G,p)] v ds®y),
aD
and, since curl H' (x, 0,p) =ik (0 x p)exp(ik 0 - x),
= f [H*(v,0.p) x curl H'(y,%,q) — H'(y,%,q) x curl H'(y,0,p)] - v(y) ds(y) ,
aD
—p-H®(=0,%,9)
= /[Hi(y,é,p) x curl H* (y,%,q) — H*(y.%,q) x curl H'(,0,p)] - v(y) ds(y) .
aD
Adding these four equations yields
= /[H(y,e,p) x curl H(y, %, q) — H(y,%,q) x curl H(y,0,p)] - v(y) ds(y)
aD

zf/ [H(y,fc,q)~cur12H(y,9,p)—H(y,9,p)~cur12H(y,5c,q)]ds(y)
D

=0

by Green’s theorem applied in D.
(b) Again, this is proven analogously to the corresponding part in Theorem 4.4: Let
g, he Lt2 (5%) and v' and w' the corresponding Herglotz functions (5.40) with density g
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and h, respectively. By v*, w® and v, w we denote the corresponding scattered and total
fields, respectively. Then

—2i k? / / (Im q)v - wdx = / / v-curl?>w — w - curl® v]dx (5.45)
|x]<R

= / [w x curlv — v x curlw] - v ds. (5.46)
|x]=R

The integral on the right-hand side is split into four parts by decomposing v = vi4v°
and w = w' + w’. The integral involving v' and w' vanishes by Green’s theorem. We
note that by the radiation condition

[ x curlv® —v° x curl w'] - % = ﬁ v®(R) - we(3) + O1/r)
and thus
[W* x curlv® — v* x curllw'] - vds — ik ™ - wXds = i(Fg Fh);20q2,.
8772 8772 > L~(S$%)
|x|=R 52

The terms involving v*, w' and v/, w* are treated in the same way (see proof of
Theorem 1.8). Finally, we introduce the operator L : L2 (8?) — L*(D,C3) which maps
g€ L2 (S?) into v|p where v is the solution of the scattering problem with incident field

vl T hen the left-hand side of (5.45) can be written in the form —2ik? ((Im ¢)Lg, Lh) [2(D)-
Therefore, we arrive at

ik

~2ik’ (L*((m q) Lg)’h)L2<s2) = (Fg’Fh)LZ (52 — (8. Fh) 2 (s2) + (Fg.h) 2 (52)

which proves part (b) with Rg = kzL*((Im q) Lg).
(c) This is proven with the help of (b) exactly as in Theorem 1.8, part (b). [J
Injectivity of F' can be shown analogously to the scalar case of the previous chapter

(see Theorem 4.4) provided k? is not an eigenvalue of some interior transmission problem
in the support D of g. Classically, this is formulated as

1
curl |:— curl v:| —k*v=0in D, curl>w — k*w = 0in D s (5.47)

&r

1
vxv=vxwondD and —v xcurlv=v xcurlwondD, (5.48)
Er
or, taking the difference u = v — w,

1 2 . 2 2 .
curl | — curlu | — k*u = curl[q curlw] in D, curl>w —k*w=0inD,
Er

1
vxu=0ondD and —v xcurlu=gqv xcurlwonaD,
&r
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where again ¢ = 1 — 1/¢,. Analogously to Definition 4.7 we have to formulate this
problem in a weak form. First, we introduce the space

Ho(curl,D) = {v € H(curl,D) : v x v =0o0n dD}.
Note that the trace exists due to the trace theorem (cf. [146]).

Definition 5.8 The wavenumber k? is called an interior transmission eigenvalue if there
exists a non-vanishing pair (u, w) € Hy(curl, D) x L*(D,C3, |gldx) and a sequence {w;}
in H (curl, D) with w; — w in L*(D, C3, |q|dx) and

Er

1 2 . 2 2 .
curl | — curlu | —k*u =curl[gw] inD,  curl®wj —k*w; =0inD, (5.49)
and

1
—vxcurlu=qv xwonaD. (5.50)
Er

Again, we understand (5.49), (5.50) in the variational sense, i.e.,

// |:el curl u - curl ¥ —k2M~l/fi| dx = //qw-curlwdx (5.51)
D ' D

forall v € H(curl, D).

We recall that L?(D, C3, |g|dx) denotes the weighted L? — space of vector fields on
D. Note that we replaced curl w from the above motivation by w in this definition. We
will study this eigenvalue problem in Section 5.5 below.

5.3 Factorization of the far field operator

For this and the following sections we strengthen Assumption 5.1 and assume the
following, compare Assumption 4.2:

Assumption 5.9 Let D C R? be open and bounded such that 3D € C? and the com-

plement R3 \5 is connected. Let k € R.( be the wavenumber and let &, € L°°(D)

satisfy

(1) Ime, > 0in D.

(2) There exists c; > 0 with Ree, > ¢1 on D.

(3) Forallf € L*(R3,C3) with compact support there exists a unique radiating solution
of (5.23).

(4) |er — 1] is locally bounded below, i.e., for every compact subset M C D there exists
¢ > 0 (depending on M ) with

ler(x) — 1| = ¢ foralmostallx e M . (5.52)

We extend e, by one outside of D.
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We note that the relative permittivity &, of (5.19) always satisfies conditions (1) and
(2) provided ¢ is bounded below on D. Conditions (3) and (4) are, e.g., satisfied for
Holder continuously differentiable parameters ¢, and o.

We define the operator H : L2(S%) — L*(D,C?) by

(Hp)(x) = Ig(x)]| curl / p(0) e*9ds©), xeD, (5.53)
S2
where again the contrast is defined by ¢ = 1 — 1/¢,.. This operator H is one-to-one as it
is easily seen.

Recalling the definition of Fp from (5.39) and (5.21) we observe that Fp = GHp
where the data-to-pattern operator G : L*(D,C?) — LIZ(SZ) is defined by Gf :=
v with v*° being the far field pattern corresponding to the radiating (variational)
solution v of

1 q .
curl | — curl v] — kv = curl [— f} inR>. (5.54)
[ V14l

Er

We will now show that G = H*7T for some operator 7 which will give the
factorization of F in the form F = H*7H.

Theorem 5.10 Let conditions (1), (2), and (3) of Assumption 5.9 hold and let F and 'H
be defined by (5.39) and (5.53), respectively. Then

F=HTH (5.55)

where H* : L*(D,C3) — LZZ(SZ) denotes the adjoint of H and T : L*(D,C3) —
L*(D,C) is given by Tf = (signg) [f + /Iql curlv] and v € Hjpe(curl, R?) is the
radiating solution of (5.54). Again, the contrast is given by g = 1 — 1 /&, and signg =
q/\q| denotes the signum of q.

Proof: First we note again that F = GH. The adjoint H* : L>(D,C?) — L,2(S2) of H
is given by

(H*¢)(X) = ik x x // o(y) e kEy lg(y)|dy fork e S?. (5.56)
D

Using the asymptotic behavior of the fundamental solution ®(x,y) as |x| tends to
infinity it is easily seen that H*¢ = w where

w(x) = curl /f () D(x,y) VIgO)ldy, xeR.
D

From Lemma 5.2 we conclude that w is the radiating solution of

curl> w — k2w = curl[ lq| <p] inR>.
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Now we set ¢ = 7f = (sign q) [f + /lg| curl v] for any f € L*(D,C?). Then
H*Tf = w™ where w solves

curl> w — k*w = curl[{/|q| 7f] = curl [\/%f + ¢ curl v] =curl’v—k*>v inR?,
q

and both, w and v satisfy the radiation condition. Therefore, w = v follows by the
uniqueness of the problem and thus Gf = v>®° = w™® = H*Tf forall f € L*>(D,C?).
Substituting G = H*7 into F = G'H yields the assertion. [J

We note that the operator 7 is one-to-one. Indeed, 7f = Oimpliesf ++/]¢| curlv =0
inD,i.e., curl?v—k2%v = 0in R3, and v satisfies the radiation condition. The uniqueness
assumption yields v = 0 in R3. Therefore, also f = 0.

5.4 Localization of the support of the contrast

This section is build up in the same way as the corresponding Section 4.4 of Chapter 4.
First, we prove the connection between the domain D and the range R(H™*) of H*.

Theorem 5.11 Let the conditions of Assumption 5.9 hold. For any 7z € R and fixed
p e C3, p+#0wedefine ¢. € LIZ(SZ) by

$.}) =ik G x p)e *, e s?. (5.57)

Then z € D if and only if ¢, € R(H*) where the adjoint H* : L*(D,C?) — L2(5%) of
H is given by (5.56).

Proof: The proof uses Theorem 4.6 of Chapter 4. First, let z € D. By Theorem 4.6 there
exists a scalar function ¢ € L*(D) such that

e—ikfc-z — // () e—ikff'y /lg)| dy forx e Sz .
D

With ¢ = p@ € L*(D, C3) we have that

ik G x p)e T = jk 3 x [/ o) e Y Jlg)|dy fork e S2,
D

ie., ¢, = H*p.
Now we consider the case z € D and assume, on the contrary, that ¢, = H*p €
R(H*) for some ¢ € L>(D, C?). We note that ¢, and H*¢ are the far field patterns of

v (x) = curlx(p D (x, z)) . xe R\ (g},

and

v2(0) = curl f/ 00) ®ry) VigO)ldy, xeR®,
D
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respectively. By Rellich’s Lemma and analytic continuation we conclude that v
v, on R3 \ (D U {z}). This contradicts the fact that v, is continuous on R3 and v; i
singular at z. [

w

In this section we consider three cases of contrasts. First, we will consider the simplest
case where D is absorbing everywhere with Im g > 0 on D. This will lead to a self-adjoint
problem. Second, we consider the non-absorbing case , i.e., g is real-valued and positive
everywhere (or negative everywhere). In this case, the far field operator is again normal
and the scattering operator unitary and we can apply the abstract Theorem 1.23. Third,
we will consider the general case where only parts of D may be absorbing.

The following theorem collects properties of the operator 7 needed for the analysis
of the factorization methods.

Theorem 5.12 Let the conditions of Assumption 5.9 hold and let T : L*(D,C3?) —
L*(D, C3) be defined as in Theorem 5.10, i.e.,

Tf = (signg) [f + /lq| curlv]
and v € Hy,e(curl, R3) solves (5.54), i.e., is a radiating variational solution of

1 q
curl | — curlv | — k%v = curl [— f] inR>. (5.58)
[ ] /gl

Er

Here, again, g = 1 — 1/¢&, denotes the contrast. Then we have:
(a)
Im(Tf, fizpy =0 forallf € *(D,C%).

(b) Assume that k? is not an eigenvalue of the interior transmission eigenvalue problem
of Definition 5.8. Then

Im(Tf, f)LZ(D) >0

forallf € R(H) C L3(D,C3) withf # 0. Here, again H Ltz(Sz) — L*(D,C% is
defined in (5.53), and R(H) denotes the closure of R(H) in L*(D, C).

(c) Assume that there exists a constant yo > 0 such that Im g > yy|q| almost everywhere
in D. Then there exists y| > 0 such that

m(Tf, Ay = n 172, (5.59)

forall f € L*(D,C?).
(d) Define the operator Ty from L*(D,C3) into itself by Tof = (signg)f for f €
L*(D,C3). Then T — Ty is compact in L*>(D, C?).

Proof: Forf € L*(D,C?) we have Tf = (signq) [f + /gl curl v] = (sign g) w with
w = f 4+ /Iq| curl v and where v solves (5.58). The variational form of (5.58) can be

written as
q -
curlv~curl¢—k2v-1/f dx:f/—w-curh/;dx (5.60)
!3/[ ] /s Vgl
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for all ¥ € H (curl, R3) with compact support. Then, since f = w — /|q| curl v,
T, Py = //(Signq) ||* dx —f (signg) w - curl v \/|q| dx

//(51gnq) (W] dx—/ —w curlvdx .

Now we choose a mollifier ¢ € C*®°(R3) with ¢ = 1 for |x| < Rand ¢ = 0 for |x| > 2R
and set ¢ = ¢ v in (5.60). This yields

(Tf.Nep) = //(Slgnq) Wl dx—/ |curl v]* — k*[v|*] dx

|x|<R
// [curlv -curl(gp) — k2|v|2¢] dx
R<|x|<2R
f/(mgnq) lw|? dx — / |curlv|* — k2|v|*] dx —
|x|<R
— / (x x curlv) -vds. (5.61)
|x]=R

Here we have used Green’s theorem in the angular region {x : R < |x| < 2R} and
the fact that v solves curl? v — k2v = 0 in this region.
(a) Taking the imaginary part of (5.61) yields
Im
(TS, )2 = // T lw|? dx — Im / (& x curlv) - vds.
D 1 |x|=R
From the radiation condition

lim |x| (curlv(x) X X — ikv(x)) =
|x]—00

we conclude that for R — oo

Img _ ik
Im(Tf,f)Lz(D)=//V|q|w|2dx+lm (47[)2/|v°°|2ds >0. (5.62)
D S2

(b) Assume now that, for some f* € R(H), the term Im(7f, f);2p) vanishes. Then

v vanishes on §2 by (5.62) and thus v = 0 outside of D. Werecall thatv € Hj,.(curl, R3)
is the radiating solution of (5.58), i.e., in variational form (using the fact that v vanishes
outside of D)

l/ Llr curlv-curhﬂ—kzv-l//i| dx:l[ﬁf@urh{;dx for all Y € H (curl, D) .
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Furthermore, v|p € Ho(curl, D). Setting w = f /+/|q] we observe that (v, w) satisfies
the condition (5.51) from Definition 5.8. Since f € R(H) there exist w; € R(H) with
W; — f in L*(D, C?). From the form of  we note that Ww; = +/[g[ w; for some smooth
solutions w; of

curl>w; —k*w; =0 inD.

Therefore, w; tends to w = f/+/Iq] in L*(D, C3, |g|dx). We have thus shown that
(v, w) satisfy all conditions from Definition 5.8. Since k2 is not an eigenvalue we conclude
that v and w = f //Iq| vanish which proves this part of the theorem.

(c) This follows from (5.62) by standard arguments. Indeed, if there exists no such
constant y; we can find a sequence {f;} such that ||fjl|;2(p) = 1 and Im(7f;., fj)12(py — O.
From (5.62) and the definition of w we conclude that f; + +/[g[ curlv; — 0 in L?(D)
where v; denotes the solution of (5.58) for f replaced by f;. Writing this equation (5.58) as

curl? v — k%v = curl [L (f ++/lg|curl v)i|
V14l

we note from Theorem 5.5 that {v;} converges to zero in H (curl, D) and therefore f; — 0
in L*(D). This contradicts [Ifj;2p) = 1.
(d) From the definitions of 7 and 7y we note that 7f — 7of = ﬁ curl v where

v € Hjye(curl, R3) is the radiating solution of (5.58). In particular, v solves

Lf [81 curlv-curll/f—kzv~W]dx=£/\/me-curllﬂdx

for all ¥ € H(curl, R?) with compact support. By substituting ¥ = V¢ for scalar
functions ¢ € H!(R%) we note that [ [; v- Ve dx = 0forall g € H'(R?) with compact
support, i.e., divo = 0 in R3.

Let now the sequence {f;} converge weakly to zero L>(D,C3) and denote by
vj € Hjy.(curl, R?) the corresponding radiating solutions of (5.58). Let B C R3 be a
ball which contains D in its interior. By the boundedness of the solution operator we
conclude that {v;} converges weakly to zero in H (curl, B). Furthermore, from Remark 5.6

we conclude that v; is smooth outside of D and converges uniformly to zero on dB. We
determine p; € H i (B) as the solution of

// Vp; - Vodx = /(v -v) @ds (5.63)
B B

for all p € HOl (B). Here, the subspace Hi (B) of H'(B) is defined as Hg B) = {cp €
H'(B): f f ppdx = 0}. The solution of (5.63) exists and is unique since the form

®,9) — f/Vp-vadx
B
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is bounded and coercive on H g (B) by the inequality of Poincaré (cf. [179]). The latter
states that there exists a constant ¢ > 0 with

// |Vo|?>dx > ¢ ||¢||§1(B) forall p € H!(B). (5.64)
B

Problem (5.63) is the variational form of the Neumann boundary value problem

A : dp;
pj =0in B, W:v-vjonaB.

We observe that f op V- j ds vanishes. This follows from div v; = 0 in the variational
form f fIR3 vj - Vo dx = 0 if we choose ¢ with compact support such that ¢ = 1 in B.
Then, since v; is smooth outside of B we have that

0:[/vj-V¢dx=—/(v-vj)ds

R3\B 0B

by Green’s first theorem. Therefore, (5.63) holds even for all ¢ € H L(B). Substituting
¢ = p; in (5.63) yields, using (5.64) and the trace theorem,

clpillzy g < f/|Vp,»|2dx=f<v-vj>pjdssa||vj||c<ag> 1pill 1 8 -
B 0B

e, Ipjllgi s < (€/¢) llvjllcpy which converges to zero.
Therefore, the functions v; := v; — Vp; € H(curl, B) satisfy:

* ¥ € Hgiy(curl,B) := {u € H(curl,B) : [[, Vo -udx=0forallp € H'(B)},
* 9 — 0 weakly in L?(B, C?),
» curl ; = curl v; —~ 0 weakly in L*(B, C?).

These three conditions assure that ©; converges to zero in the norm of L2(B, C3) since
the closed subspace Hyiy (curl, B) of H (curl, B) is compactly imbedded in L%(B,C?). We
refer to Weber [182], see also [146], Theorem 4.7. Since also || Vp; |l 125 — O this yields
lvjll 2 — 0O asj tends to infinity which ends the proof. [

After these preparations we are able to treat the following three cases of contrasts:

(1) All of D is absorbing, i.e., Ime, > 0 on D.
(2) No part of D is absorbing, i.e., &, is real-valued and positive on D.
(3) Parts of D may be absorbing, i.e., we allow quite general values of ¢.

We will apply the abstract characterizations of Corollary 1.22, Theorem 1.23, and
Theorem 2.15 in combination with Theorem 5.11 which characterizes D by the range
of H*.

We formulate and prove the first main result of this section in which we treat
t{le absorbing medium. We recall the definition of the self-adjoint operator Im F' :=
5 (F —F").
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Theorem 5.13 In addition to Assumption 5.9 we assume that there exists vy > 0 with
Im o (x) > yo for almost all x € D.*> Furthermore, let ¢, be defined in (5.57) for z € R3
(where again p € C3 is kept fixed). Then z € D if, and only if, ¢, € R((Im F)l/z).

Proof: Analogously to Im F we define Im7 as Im7 := %(’T — T%*) where 7% is
the adjoint of 7 in L?(D,C?). By our assumption on &, we conclude that Img =
Ime,/|e > > yo/llsrllgo, i.e., the additional assumption of part (c) of Theorem 5.12
is satisfied. Noting that

Im(7f.f) 2y = (AMT)f, f)12p)

we conclude that the self-adjoint operator (Im 7") is coercive on L2(D, C3). Furthermore,
the factorization (5.55) yields the factorization of (Im F') in the form

ImF=H"ImT)H. (5.65)

This is exactly the situation where we can apply Corollary 1.22 of Chapter 1
which yields that the ranges of 7* and (Im F)!/? coincide. The combination with the
characterization of D by Theorem 5.11 yields the assertion. [

Remark: The additional assumption of part (c) of Theorem 5.12 requires the existence
of yo such that Img > yp|g| on D. Transforming this condition for ¢ = 1 — 1/¢, into
one for ¢, yields the condition &,(x) € C; U C, for almost all x € D where the sets
C1,Cy C C are given by

o= feeer - (1m0
1=32 =\l =z,
3 2 Y0 29
2
1 V1I=% 1
G = zeC+:z——(1+—i>‘§— :
3 2 Y0 290
where
+ . ]<1
C3= ZG(C.Z—E >§

The sets C1 and C; are bounded by circles. They are shown in Figure 5.1. The bounds
Reegq(x) > c1 and |e,(x)| < ||&r|lco are not shown in the figure.

In the second situation we consider non-absorbing media.

Theorem 5.14 In addition to Assumption 5.9 we assume that &, is real valued and either
& > lonDore, < 1onD (and equal to one on R3 \ D). Furthermore, we assume that

2 Recall that D is the support of ¢, i.e., ¢ = 0 outside of (the open and bounded set) D.
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Figure 5.1 The circles which form C; and C;

k? is not an interior transmission eigenvalue in the sense of Definition 5.8. Let ¢, be
again defined in (5.57) for any z € R? (where again p € C is kept fixed). Then z € D
if, and only if, ¢, € R((F*F)1/*).

Proof: This time, we have to check the assumptions of Theorem 1.23 of Chapter 1.
By Theorem 5.7 F is normal and the scattering operator S := I + 8%2 F is unitary.
Furthermore, the factorization

F=H'TH

holds and Im 7 is positive on R(H) \ {0}. By Theorem 5.12, part (d), the operator
T has the decomposition into 7 = 7y + (7 — 7g) where 7of = (signgq)f for f €
L*(D,C3) and (T — Ty) is compact. Since &, is real valued so is ¢ and thus either
signhg = 1 or signg = —1 on D. Therefore, Theorem 1.23 is applicable and yields that
the ranges of H* and (F*F)'/* coincide. The combination with Theorem 5.11 yields the
assertion. [

In the third situation we consider more general electric permitivities ¢, .
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Theorem 5.15 In addition to Assumptions 5.9 we assume that there exists r > 0 such
that

/ 2
£ (x) — %(1 —ri| > % (5.66)

for almost all x € D. Choose t € (0,7/2) such that cost < 1/+/1 + r2.

Furthermore, we assume that k* is not an interior transmission eigenvalue in the
sense of Definition 5.8. Let ¢. be again defined in (5.57) for z € R3 (where againp € C3
is kept fixed). Then z € D if, and only if, ¢, € R(F;/z) where Fy : L,2(S2) — L,2(S2) is
defined by

Fy = |Re(e”"F)| +ImF. (5.67)

Remark: The assumption (5.66) describes the exterior of the circle centered at (1—r7) /2
in the lower half plane passing through 0 and 1. For large values of  the part of the circle
with Im e > 0 approaches the interval [0, 1] of the real axis. This assumption (5.66) is
certainly satisfied for ¢, with Re ¢,(x) > 1 and arbitrary Im &,(x) > 0.

Proof: For this case we verify the assumptions of Theorem 2.15. For (A2) we write
Re[e™"T] as

Re[e T | = Re[e " To] + Re[e (T — Tp)].

By Theorem 5.12 the operator Re[e™(T — 7p)] is compact. We show that the condi-
tion (5.66) implies that the operator Re[e™"Tp] : L*(D,C3) — L*(D,C?) is coercive.
Recalling the definition of the operator 7y we have to show that there exists ¥ > 0 such
that

(cost) Reqg+ (sint) Img > y |g| onD.

Withg=1—-1/¢, = (|8r|2 — 8_r)/|<9,|2 this estimate is equivalent to

(cost) (zf +23 —z)) + GinN)z > y \/(zf +23—z2)2+23 (5.68)

where we have set z; = Re g,(x) and zp = Im ¢, (x). We consider two cases:
First case: z12 + z% — z1 = 0. Then we have since coszsint > 0:

[(cost) (3 +23 —21) + (sinD) 22]” > (cos N> (2 + 25 — 21)* + (sin)? 3
> 2 [(z% + z% — )+ z%]

with any y < min{cosz, sin t}. This proves (5.68).
Second case: z% + z% —2z1 < 0. In terms of z; and 7z the condition (5.66) can be
rewritten as

—rp<z+z-2<0.
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We define s € [/2, 7] by

2t +25 — 21 = (cos S)\/(Z% +23—z1)?+2z5 and

22 = (sin S)\/(Zl2 +25—z2)2+23.
Then the previous inequality reads
rsins > —coss > 0, (5.69)
and we have to show the existence of y > 0 with
COStCoss + sinzsins > y .
First we have that

costcoss + sintsins > sins[—rcost +sint].

Squaring (5.69) we estimate r2sin’ s >coss=1— sin® s,ie.,sins > 1/+/r2 4+ 1 and
thus

costcoss —+ sintsins > + [—rcost+sint].
re+1
The choice of ¢ guarantees that —r cos ¢ + sin ¢t > 0. This proves the estimate (5.68)
with y = [—rcost +sint]/v/r? + 1.
Finally, also assumptions (A3) and (A4) of Theorem 2.15 are satisfied because Im 7°
is positive on R(H) \ {0} by Theorem 5.12, part (b). [J

These results characterize the support D of &, — 1 by the data of the inverse scattering
problem which are collected in the operator F. In particular, it gives a new “direct” proof
of uniqueness of the inverse scattering problem to determine D from H®° (X, 8; p) for all
%60 eS?andp € C? withp -6 =0.

5.5 The interior transmission eigenvalue problem

Analogously to Section 4.5 we will investigate the interior transmission eigenvalue prob-
lem of Definition 5.8. It is the aim to prove that the set of eigenvalues is discrete.
Analogously to the scalar case we assume the following, compare Assumption 4.12:

Assumption 5.16 Let D C R3 be open and bounded such that 9D € C? and the
complement R3 \5 is connected. Let k € R~ be the wavenumber and let &, € L*° (D)
be real valued such that either ¢, > 1 on D or &, < 1 on D where in the latter case
there exists y1 > 1/2 with &, > y1 on D. Furthermore, we assume one of the following
properties (A) or (B):

(A) There exists yo > 0 such that |e,(x) — 1| > yg for almost all x € D, i.e., & is
bounded away from one.
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(B) &, € C(D) and

8

dt

y(8) := sup / ysr(x—tv(x))— 1’ —> 0 aséd— 0. (5.70)
0

xe€dD
Finally, we assume that for all f € L*(R3,C3) with compact support there exists a
unique radiating solution of (5.23).
We extend €, by one outside of D.

We note again that part (B) of Assumption 5.16 is satisfied if |8, (x—tv(x))—1 | >ct?
for some ¢ > 0 and p € [0, 1).

We recall the definition ¢ = 1 — 1/g, of the contrast and note that for part (A)
either ¢ > yp/(1 +y) > 0on D or g < —yp/(1 — y0) < 0 on D. Under part (B) of
Assumption 5.16 we observe that also

)
dt
v(§) = _— 0 571
ve) fe“a%oflqa—rv(x))\_’ G

for 6 — 0. We also note that in any case ||¢|lcc <1 which will be important in the
following.

In this section we will work in (subspaces of) L? (D, C3, |gldx), equipped with the
inner product

W02 glan) = // V- @lgldx. (5.72)
D

We introduce the closed subspaces Lflw (D, C3, |g|dx) and V of L*(D, C?, |g|dx) as
L2,,(D,C3, |gldx) = {w e L*(D,C3, |g|dx) : // w-Vedx=0forall p € HOI(D)} ,
D

V = closure{w € HZ(D, (CS) ccurl?w — k2w = 0 in D} s

where the closure is taken with respect to the norm of L>(D, C3, |g|dx). Using the space
V we recall that k2 is an interior transmission eigenvalue if there exists a non-vanishing
pair (u,w) € Ho(curl, D) x V such that

// |:8l curl u - curl ¥ —k2u~1/f] dx = //qucurlxlfdx (5.73)
D ' D

for all ¢ € H (curl, D).
Lemma 5.17 Let (u,w) € Ho(curl, D) x V solve (5.73) for some real k > 0.
(a) Then curl u and w solve

curl u = Bi(w + curl u) (5.74)
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where the bounded operator By, from L*(D, C3,|q|dx) into itself is given by Bif =
curl? [ ®C.0) g0 f ) dy for f € L*(D, C3, |g|dx). Here, we interprete the curl
in the distributional sense.

(b) The following orthogonality property holds:

W+ curl w, ¥)12p glavy) = //(w +curlu) - ¥ |gldx =0 forally eV .
D

(5.75)

Proof: (a) From Lemmas 5.2 and 5.3 we conclude that u = A(gw + ¢ curl u) and A is
bounded from L2(D, C3) into H (curl, D). The observation that the multiplication by ¢
is a bounded operator from L>(D, C3, |¢|dx) into L*>(D, C?) and L*(D, C3) is boundedly
imbedded in L2(D, C3, |g|dx) yields assertion (a).

(b) From (5.73) we conclude that

// [curlu - curl y — k’u Y] dx = // g (w + curl u) - curl ¥ dx (5.76)
D D

forall € H (curl, D). Letnow v € C2(D) satisfy curl® ¥ —k%y = 0in D. Substitution
of curl ¢ for ¢ in (5.76) yields

//[curlu-@—u-curl@]dx://q(w—i—curlu%de.
D

D

The left hand side vanishes by Green’s theorem since v X u = 0 on dD. Formula
(5.75) follows since g does not change its sign in D. [J

We set it = w + curl u and write (5.74) as
i—Brii=w, (5.77)

and consider this equation in the subspace L(2iiv (D, C3,|qldx) of L*(D,C?,|q|dx).
Similarly to the approach of Colton and Kress in [43] for the scalar case (see also [54]
for the anisotropic case) we will project this equation onto the orthogonal complement

vt = {u e L2, (D,C3,|q|dx) : // u-ylglde =0 forally e v} (5.78)
D

of V. We note from (5.75) that it = w + curl u € V. Therefore, if Py is the orthogonal
projector from Lﬁiv (D, C3, |g|dx) onto VL, and &t and w € V solve (5.77) then i solves

it — PyByii = 0. (5.79)

We will now study the projection operator P. In particular, we will prove that it can be
extended analytically to complex valued k in a neighborhood of the positive real axis.
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We have to introduce the following space W which corresponds to the space W of
Section 4.5.

W = {¢ € Ho(curl,D) : v x curlg = 0on 3D, ¢, curl® ¢ € L7, (D, C,dx/|q))}
(5.80)

equipped with the inner product

dx

(Y)W = ff[cuﬂ?w -]
D

The trace v x curl ¢ is well defined since curl ¢ € H (curl, D).

Lemma 5.18 The space W is a Hilbert space and compactly imbedded in L*(D,
C3,dx/\q)).

Proof: The completeness of W with respect to the norm ||¢|lw = (¢, @) %2 follows from
Green’s formula in the form

Jcurl o], = / / curl? g - Gax < || curl pll 2y Il 2y < lalloollolly (5.81)
D

applied to ¢,, — ¢, where {¢,} is a Cauchy sequence in W. To show that W is compactly
imbedded in L?(D, C3, dx/|q|) we note first that W is boundedly imbedded in H' (D, C3).
This follows by a well-known result (see, e.g., Lemma 5.4.3 of [150], Remark 3.48 of
[146], or [170]) since for ¢ € W it holds that ¢, div ¢, and curl ¢ are bounded in L?(D)
and v x ¢ = 0 on dD. (Note that we assumed the boundary of D to be smooth enough.)
The boundedness of curl ¢ follows again from estimate (5.81).

Let now {¢;} be a sequence in W with |¢;|lw < 1. Then there exists a subsequence
which converges weakly in W to some ¢ € X, thus also weakly in H!(D,C?) by
the previous remark, and thus in the norm of L>(D, C?) by the compact imbedding of
H'(D,C3) in L?(D, C?). Now we use the same arguments as in the proof of Lemma 4.13.
In particular, estimate (4.45) of Section 4.5 yields3

2 2
||§0] - q)“LZ(D,dx/Iql) < “(p] - go”LZ(D\U(s,dx/lql)
+e7®) (19 = 2320y, avsigy + 19 = N )]
< 119j = @12 v ans1qy TE7 O gy — @l

for some §p > 0. Here, y(6) is given in (5.71) and Us is defined by Us = {x eD:
d(x,0D) < 8}. Now we proceed as in the proof of Lemma 4.13. Indeed, let ¢ > 0 be

3 Note that no boundary condition has to hold for this estimate!
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arbitrary. Choose § > 0 such that 4¢ y () < /2. On D \ Us the function |g| is bounded
below by some gg > 0. Therefore,

2 1 2 €
”(;0/ - ‘P”LZ(D’dX/‘qD = % ”()OJ - (p”LZ(D) + E =e¢

for sufficiently large j. [J

For the explicit construction of Py we have to consider the following variational
equation: Given f € dw(D C3, |gldx), determine ¢ € W such that

/ f [curl® ¢ — k%¢] - [curl® ¥ — k2] / / fleul?y — kY ]dx (5.82)

for all v € W. We note that the right-hand side is well defined.
Theorem 5.19 Let Assumption 5.16 hold and let k > 0. Then the operator Py from
L3(D,C3, |q|dx) into itself is given by

Pif = [curl2 9 — k%] (5.83)

where ¢ € W is the unique solution of the variational equation (5.82). The operator-
valued mapping k +— Py from Rx¢ to B (L2 (D,C3, |q|dx)) can be extended analytically
in a neighborhood of Rxy.

Proof: We define o to be the signum of g. Then o is constant and either +1 or —1. We
multiply (5.82) by o and write it in the form

(0, VIw — kK2a1(p, ) + (k* — D ar(p, ¥) = bi(¥) — Ko () (5.84)
for all Y € W where

2 2 dx
a1(p, V) = // [curl ¢ - ¥ + ¢ - curl® y] — a (5.85)
—dx
/s q
bi(¥) =a/ [f - curl® ] dx, (5.87)
D
by(¥) =a/ [f-v]dx. (5.88)
D

Since all of these forms are bounded there exist bounded operators A; from W into itself
with aj(@, ¥) = (Ajo, ¥)w for all 9,y € W and j = 1,2. Furthermore, there exists
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ri,r2 € W with bj () = (rj, ¥)w for all ¥ € W and j = 1, 2. Equation (5.84) can then
be written as

0 —k*A1p + (k* — DAryp =r1 —k*rs. (5.89)

The compactness of A; and A; is shown by the same arguments as in the proof of
Theorem 4.14, and we do not repeat the arguments. Therefore, existence of a solution
of (5.89) follows provided uniqueness holds. Let ¢ € W be a solution of (5.89) for
real k > 0 and r; = rp, = 0. Then ¢ solves (5.82) for f = 0. Setting ¢ = ¢ yields
cur12<p — k?>¢ = 0 in D. The boundary conditions v x ¢ = v x curlgp = 0 on 9D
and the fact that dive = 0 imply that ¢ vanishes in D. Therefore, for any real and
non-negative wavenumber k the operator I — k?A; + (k* — 1)A; is an isomorphism
from W onto itself. Therefore, the variational equation (5.82) is uniquely solvable for
allf € L? i (D> C3, |g|dx). Let g be the right-hand side of (5.83). We have to show that
g = Pyf . From the definition of g we have by Green’s formula that

//g-wqu=f/[cur12¢—k2<p].yfdx=0
D D

forall ¢ € V,i.e., g € V< since the signum of ¢ is constant. Substituting the form of g
into (5.82) yields

[[ &= [eurt¥ ~ 7] dx =0
D

for all ¥ € W which implies that g — f € V. Therefore, f has the decomposition
f=g+ (f —g) withg e V- andf — g € V. This proves that g = P;f.

A perturbation argument using the Neumann series applied to k = kg for fixed non-
negative kg > Oyields thatAo—k2A1+(k4—1)A2 are isomorphisms fork € U (kg) where
U (ko) is some open set containing ko. Furthermore, k — (Ag — k?A; + (k* — 1)A) ™!
is analytic. This proves that also Py can be analytically extended to the union U =
Ukgz0 U ko). O

We note that for real k > 0 the projection operator Py has norm one with respect to
G5 12D, jglan) - Next we study the operator By from Lemma 5.17.

Lemma 5.20 Let Assumption 5.16 hold. Denote by By the operator By for k = 0. Then
IBoll < 1 in the operator norm osz (D, C3, |q|dx). The difference By — By is compact
and depends analytically on k € U with U C C from Theorem 5.19.

Proof: Consider the operator T defined by

(T¥)(x) = curl? f / o | w(y) dy, xeR’, (5.90)

where we understand the curl in the distributional sense. T is bounded as an operator
from L2 (]R3 s (C3) into itself with norm equal to one. Indeed, we assume that ¢ € S where
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S denotes the Schwarz space of C*° — functions which, together with their derivatives of

any order, decay faster than any polynomial for |x| — co. We consider h(x) = 1/(4m|x])

as a (regular, tempered) distribution. Then, denoting the right hand side of (5.90) by g (x)

we observe that g = curl? (h* Yr) where h* 1 denotes the convolution of the distribution

h with the test function ¥ € S and the curl is understood in the distributional sense.
Application of the Fourier transform

1 .
(Fy)(€) = W// e*l&xw(x)dx, & e ]R3,
R3

extended to tempered distributions, shows that
(Fe) (&) = Feurl(hx y))(©) = [IE171 —£&T)| Fh*y)(©)
= Qu)*2[IEPT — £ T (FR)E) (Fy)(€).

The Fourier transform of the distribution £ is given by (Fh)(£) = (27)3/?|&|72,
i.e.,

Fo)© =[1-EET](Fp)©)
where é = £/|&|. The unitarity of the Fourier transform yields
lgllz2wsy = 1Fgl2@s) = 1IF V2w = 1V 2@

where we have also used that f +— [I — é éT]f is a projection operator of norm one. We
have therefore shown, that the restriction of T to the space S is bounded with L*-norm
one. Therefore, it has an extension to L*(R?, C?) with L?-norm one. From Bof = T'(qf) |,
we conclude that

I1Baf 2y < 1T (@) 2w3y = Naf l2py = Vllglloo lf 220, 11ax)
and thus

||B(Uc||L2(D,\q\dx) = ||q||oo|lf||L2(D,|q|dx)

which proves that ||Byg|| < |lgllcc < 1 by Assumption 5.16. The compactness and
analyticity of By — By follows from the explicit form of By. [

We write (5.79) in the form
(I — PxBy)u — Pr(Bx —Bo)u =0 (5.91)

and consider this equation in L2(D, C3, |g|dx) (with the norm induced by ()2, qldx)-
Now we observe that ||P;Bg| < 1. Therefore, I — Py By is invertible and (5.91) is
equivalent to

it — (I — PyBo) 'Py(By — Bp)ii = 0. (5.92)

Furthermore, the operators (1 —PyBy)~ Py (B;, —Bo) are compact and depend analyt-
ically on k € U. This is the situation where we can apply the analytic Fredholm theory,
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see [43], Theorem 8.19. Since k = 0 is certainly no eigenvalue we have the following
result:

Theorem 5.21 Let Assumption 5.16 be satisfied. Then the set of interior transmission
eigenvalues is discrete.

Remark: In this chapter we restricted ourselves to non-magnetic and isotropic media.
The same technique — for the direct and the inverse scattering problem — can be used to
treat the more general case where both, ¢ and u, vary with x and are matrix-valued. We
refer to [121] and [79]. In the investigation of the Linear Sampling Method (compare
Section 7.2 of Chapter 7 for an introduction of the Linear Sampling Method for a scalar
scattering problem) the corresponding interior transmission boundary value problem
plays an important role. This is the problem where the homogeneous boundary conditions
(5.48) have to be replaced by inhomogeneous boundary conditions. Also these problems
are treated in [121, 79, 80].
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The factorization method in impedance
tomography

6.1 Derivation of the models

To derive a mathematical model for the problem of electrical impedance tomography
we begin again with Maxwell’s equations in the frequency domain (compare (5.15)
and (5.16)).

curlE = iou H, curlH = (0 —iwe) E inB. 6.1)

Again, we assume that no interior currents are present. In order to simplify these
equations for low frequencies we perform a scaling analysis (cf. [32]). Indeed, let
x = [x]% and H (x) = H([x)%) = [H]H (%), E(x) = E([x]X) = [E]E(¥) where [x],[H],
[E] € R denote the (constant) scaling parameters of x, H, and E, respectively, in which
we measure these vectorial quantities. Noting that curli E® = % curl, E(x) and

analogous for curl; H (¥) we conclude that

LH1[x] H, curl; E = (0 — iwe) LETLx] E.
[E] [H]

curl; E = iop

As seen from the physical units we note that wu % and (o0 — iwe) % are

dimensionless. By & we denote the mean of o. If we choose scaling factors for x, H,
and E such that E% = 1 we arrive at

curl;cE = iwu E[x]ZI:I, curl;E = (0/0 —iwe/o) E. (6.2)

In Figure 6.1, taken from [16], we list some electrical properties of tissue. As the
magnetic permeability u of non-ferromagnetic materials is close to the free space per-
meability o = 47 % 1077 /‘% (in ST units) the term wu & [x]? is of order 10~ * w if
the extension of the body B is of magnitude 10 cm. Therefore, it is neglible for small
frequencies w. Although small compared to o /&, the term we /& is of order 1070 %
and, therefore, has to be taken into account only for medium range frequencies.

Neglecting the term wpu & [x]? the first equation of (6.2) yields the existence of a
potential u such that E = Vu. Substituting this into the second equation of (6.2) and
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Tissue o (in A/Vm) € (in 10—6 As/Vm)
Lung 0.105 0.22
Muscle 0.132 0.49
Liver 0.146 0.49
Heart 0.167 0.88
Fat <0.1 0.18

Figure 6.1 Electrical properties of tissue at w = 10 kHz

taking the divergence yields the scalar elliptic equation
div[y () Vu(x)] =0 inB. (6.3)
Here, the complex-valued admittivity function y = y (x) is defined by
y(x) =0/0 —iwe/T. 6.4)

There are different approaches of increasing complexity how to model the electrodes.
We refer to [16, 32, 34, 107, 174] for the Gap, Shunt, and Complete Models but restrict
ourselves to the simplest model (the “continuum model”). In this model, the normal
current density is prescribed at the boundary 9B of the domain B, i.e.,

ou

y 3 =f ondB. (6.5)

The exact assumptions on y and f will be formulated below. At this place we only
mention that the total flux [, , ydu/dvdx = [,,f dx has to vanish for any solution u.
This follows immediately from (6.3) and the divergence theorem.

One models the anisotropic case by simply letting y = y (x) € C**3 be a (complex-
valued) matrix. Then y Vu in (6.3) has to be understood as the matrix-vector product of
y (x) and Vu(x) while the boundary condition (6.5) has to be replaced by

Opu = v~(qu)=vaVu =f ondB.

Here and in the following we use the matrix-vector notation and write x "y for x - y =

Z]‘-lzl x;y;. For complex-valued vectors we also write x*y = X'y = Z]{l:] Xjyj.

6.2 The Neumann-to-Dirichlet operator and the inverse problem

In this section we will study the following boundary value problem. Let B € R¢ where
d =2 ord = 3 be abounded and connected domain with sufficiently smooth! boundary
dB. Let f € H~/2(3B) be given such that (f,1) = 0 where 1 € H'/?(3B) denotes

1 For this and the next section it is sufficient that the boundary is Lipschitz continuous. What we need is the
validity of the trace and extension theorems. In Section 6.4 we will use a Green’s function and more regularity
will be required.
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the function with values constant 1 and let (-,-) denote again the dual bracket in the
dual system2 (H=1/2(3B), H'/2(3B)). The function f represents the flux applied to the

boundary dB. We define the closed subspaces Hoil/z(aB) and Ho1 (B) of HEY/2(3B) and
H'(B), respectively, by

H*3B) = feHl/z(aB):/ fds:O}, (6.6)
0B
Hy'?0B) = |f e HV2@B) : (f,1) =0}, (6.7)
H!(B) = feHl(B):/ f(x)ds:O}. (6.8)
JB

Furthermore, let y € L™ (B, Cdxd ) be a matrix-valued complex function such that
its imaginary part is negative semi-definite and its real part is uniformly positive-definite,
i.e., there exists c¢g > 0 such that

Imz*y(1)z] <0 and Re[z*y(0)z] = o l2f? (6.9)

for all z € C? and almost all x € B. We think of y being of the form y = o — iwe with
conductivity o, frequency w, and permittivity €.

With these data B C RY, y € L®(B,C?*?), and f € H; ' (3B) we consider (6.3)
and (6.5), i.e.,

div[y Vu] =0 inB, dyu=f ondB. (6.10)
Again, as in all previous chapters the solution u € Hol (B) has to be understood
in the variational sense. Green’s formula for this anisotropic case is formulated as

(for sufficiently smooth v,w in some bounded domain D with sufficiently smooth
boundary aD)

fvaywds=/[vwa]Tvds=//div[vwa]dx (6.11)
D

oD aD

= //[VUT)/VW +o diV(wa)] dx.
D

Therefore, u € Hé (B) is a variational solution of (6.10) if u satisfies

f/ V() y () Vu(x) dx = (f, ) forally € H\(B). 6.12)
B

2 Again, we understand the dual system as a sesqui-linear form. In this sense, it extends the inner product
. 2 -
in L“(dB).
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On the right hand side ¥ € H'/2(dB) denotes the trace of the test function ¥ €
Hj (B). Although we have used this kind of Neumann boundary value problems already
in the proof of Theorem 5.12 we recall the arguments which lead to uniqueness and
existence of a solution.

First, we note that the right hand side ¥ +— (f, ) of (6.12) is a bounded conjugate-
linear functional on H, g (B) because of

i(ﬂ'ﬁ” < ”f”Hfl/Z(aB)||W||H1/2(33) =c |V||H71/2(33)||W||H1(B)

for some ¢ > 0 which depends only on B. Furthermore, here, and in the following,
|| - |z () denotes the norm

17l B) = essup,ep

in L® (B, C4*4). Then the estimate
// b(x)* [y (0)d (x)] dx| < // 16| [y )d () dx < Iy i) 101l 2y | 128y
B B

holds for all vector fields b,d € L>(B,CY). Application of this estimate yields
boundedness of the Hermitean form

a(u, ) = // VY @)y () Vul) dx, u, ¥ € H (B),
B

in Hol (B) because
laGu, )| < 1yl lullg 1) 1 g1 g, forall v € HL(B).

Finally, a is coercive because

Re// w<x)*y(x>w<x)dxzco//|w(x>|2dxzeuwn,ﬁl(m (6.13)
B B

for all Y € Hg (B). The latter estimate is known as inequality of Poincaré, compare
(5.64). Therefore, by the theorem of Lax and Milgram (see [146]) there exists a unique

solution u € H1(B) of (6.12) for every f € H; /*(3B) and

¢
lullgi gy < 2 17 i) W Nl -1/2(9m) (6.14)
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The unique solvability guarantees the existence of the Neumann-to-Dirichlet operator
A HO_I/Q(BB) — H;/Z(Z)B) which assigns to each f € H;l/z(aB) the trace ul3p €
Hg/ 2(BB) of the solution u € Hg (B) of (6.12). The following theorem lists the most

important properties of A.

Theorem 6.1 Let B C R? and y € L>®(B) satisfy the conditions formulated at the
beginning of the section.

(a) Then A is a bounded isomorphism from H;l/z(aB) onto HOI/Z(BB).

(b) If, in addition, y is Hermitian (i.e., y (x)* = y (x)) and uniformly positive definite
(in the sense of the second estimate of (6.9)) then A is self-adjoint and coercive, i.e.,

there exists ¢ > 0 with
TRy —-1/2
(. Af) = F, Ag) and (f,Af) = clf -rnp forallf,g € Hy *(@B).

(c) For all Coy > co > 0 the mapping y +— A, depends Lipschitz-continuously on
y in the set

U:={y e L°B,C) : ||lyllpem) < Co. Re[z*y (0)z] = colzl? for all z a.e. on B},
i.e., there exists ¢ > 0 with

” (Ay — Ap)f HH|/2(33) <cly = vle®f lu-1208
forally,7 € U, f € H'?(3B).
Proof: (a) It is easy to check that the inverse A~ :Hi/z(aB) — Ho_l/z(aB) is given
by A"lg= dyv where v € Hg (B) denotes the unique solution of the interior Dirichlet
boundary value problem with boundary values v = g on dB. Of course, 3, v € H, 172 (0B)
has to be understood as the form
172

(0yv,¥r) = // Vi (x)*y (x) Vu(x)dx forall y € H,’”(9B)
B

where on the right-hand side ¢ € H i (B) is any extension of .

(b) This is seen by Green’s theorem from (6.12). Indeed, for f,g € H, '“(3B) let
u,v € HQ1 (B) be the corresponding solutions of the interior Neumann problem (6.10).
Then

1/2

(8. Af) = (g,u) = // Vu(x)*y (x) Vo(x) dx,
B

and, analogously,

(f,Ag) = (f.v) = / f Vux)*y (x) Vu(x) dx = / f Vu@) "y ()" Vo) dx.
B B
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Taking the complex conjugate and noting that y (x) is Hermitian yields the self-
adjointness and, furthermore, for g = f by the inequality (6.13) of Poincaré

.87) = [ [ Va0 Vutodr = o [ [ 19000 Pax = el
B B

The boundedness of the trace operator and of A~! yield

lullgr gy = c2 lullgrgey = 2 1A g2 = 3 I la-128)

which proves the desired estimate.
(c) Let y,y € U. We denote the corresponding solutions by u and i, respectively,
and the bilinear forms by a and a, respectively. Then

a(u,¥) = (f,¢¥) and a@@,¥) = (f,¥) forally e Hl(B),
and thus by taking the difference

// VY (0)*y (x) V[ulx) — i(x)] dx = // VY (@) [y () — y ()] Vir(x) dx.  (6.15)
B B

The right-hand side defines an conjugate-linear functional with respect to 1 and can
be estimated by

// VY@ [70) —y ] Vaw) dx| < ly = 7 lliese@) il g g 1 g s)-
B

By (6.14) we conclude that [|il| 15 < clf |g-1/2(355) Where ¢ > 0 depends only
on cop through the inequality (6.13) of Poincaré and on Cy. Application of the theorem
of Lax—Milgram to (6.15) yields

lu—ullgrgy < clly = Vleew I la-128)
for some ¢ > 0 which proves the theorem. [

In electrical impedance tomography the admittivity function y is unknown, and it
is to be determined from simultaneous measurements of boundary values u (“boundary
voltages”) and 9, u (“current densities”). In terms of the Neumann-to-Dirichlet operator
A the inverse problem of electrical impedance tomography is to determine the function
y from A.

The first question to address is whether or not the data, i.e., the operator A, determines
the function y uniquely. This turns out to be an extremely difficult problem. Simple
arguments using a change of variables show that a matrix-valued function y is, in general,
not uniquely determined. The best one can hope that it is unique up to a change of
variables. So far, a complete and “optimal” answer has been given only very recently in
[12, 13] by K. Astala, M. Lassas and L. Piivirinta for the plane problem (i.e., d = 2)
and real-valued (scalar and matrix-valued) L°° —functions y .
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The situation is less well understood in RR3. For scalar and sufficiently smooth func-
tions (e.g., y € C 2(B)) the change of variables u = v 124 transforms the differential
equation into the equation of Schrédinger type

Ayl/z
)/1/2

Au — =0.

IS

This is the kind of equation which has been considered in Chapter 4 already. In
particular, uniqueness holds in R3 for scalar functions y € CZ(B). We refer to the
survey article [16] for further results and references on the question of uniqueness.

The second important problem is stability of the inverse problem. Note that
by Theorem 6.1 the direct problem is Lipschitz-continuous. The inverse problem,
however, is ill-posed in the sense of Hadamard, i.e., large changes in y in the inte-
rior can result in small changes in A (with respect to the operator norm of the

space B (Hg 1/ 2(88),H;/ 2(Z)B)) of linear and bounded operators from H,, 1/ 2(BB) into

Ho1 / 2(BB). On the boundary, however, the determination of y from A is stable. Indeed,
in [177, 180] it is shown that for real-valued, continuous, and strictly positive functions
¥1, ¥2 the following estimate holds:

vt = vallzeen) < cliA = Dallg =125 11725y

For the interior, Alessandrini has shown in [1] logarithmic stability under some
bounds on y and the smoothness assumption y € H>*5(B) for some s > d/2 and § > 0:

-5
lyi = vallizses) < ¢ log(llA1 — A2”B(Hg”z(ag),H;/Z(aB))) .

In light of these results we will study a more modest problem which is accessible
to the Factorization Method. We assume that the unknown function y is the pertur-
bation of a known “background” admittivity yp which is real-valued. For simplicity,
we assume furthermore that it is scalar and even constant. Therefore, we assume that
y € L*® (B, Cdx‘i) has the form

_J I+4g9x), x€D,
V(x)_{ I,  xeB\D, (6.16)
for some domain D with D C B such that B \ D is connected and some (symmetric)
matrix-valued function ¢ € L> (D, C4*?) with support D. Here, and in the following,
I denotes the identity matrix. Assumption (6.9) is equivalent to the existence of ¢y > 0
such that

Im[z*g(x)z] <0 and |z|* + Re[z*q(x) 2] > co |z|? (6.17)

for all z € C? and almost all x € D. Further assumptions on ¢ will be added below in
Assumption 6.4.

The inverse problem which we will treat by the factorization method is to determine
the support D of g from the Neumann-to-Dirichlet operator A.
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6.3 Factorization of the Neumann-to-Dirichlet operator

We recall from the previous section that the Neumann-to-Dirichlet operator A
Ho_l/z(aB) — HOI/Z(BB) is given Af = u|yp where u € HO1 (B) solves the boundary
value problem (6.10), i.e., the variational equation (6.12) for y given by (6.16). The par-
ticular case that y = I corresponds to the operator Ao which is therefore characterized
by Aqof = uolyp where ug € Hg (B) solves the boundary value problem

dug

Aug =0 in B, m =f ondB. (6.18)
v

The basis of the factorization method is the following factorization of the operator
A — Ap. We define the operators

G:H;"*0D) — H)*@B)  and T:H)*@D)— H;'*GD)

as follows: .
Fory € Hy '*(3D) we set Gy = v|yp where v € H'(B\D) with v|ys € Hy'*(9B)
solves the following boundary value problem in B \ D:
— 0 0
Av=0 inB\D, 8—”=¢ on D, a—”=o on B. (6.19)
v v

Forh € H./>(dD) we set Th = 3w, /dv on D where w € H'(B\ D) N H' (D) with
wlyp € H; / 2(8B) solves the boundary value problem of transmission type

9
div(y Vw) =0 inB\ dD, a_w =0 onodB, (6.20)
V
9
% —9,w_=0 onaD, wy —w_=h onaD. 6.21)
v

Here, we denote again by w the trace of w from the exterior and interior, respectively.
The variational form of (6.20) and (6.21) is to find w € H'(B \ D) N H'(D) with

wlos € He'*(9B) and wy — w_ = h such that

/f Vy*y Vwdx =0 forall ¥ € H!(B). 6.22)
B

By T we denote the operator T when y is replaced by /. We note that 7 and Ty are even
defined and bounded as operators from H 1/2(3D) into Hy 1/ 2(8D).

Theorem 6.2 The following factorization holds:
A—Ay=G(T —Ty G* (6.23)

where G and T are defined by (6.19) and (6.20), (6.21), respectively.
Furthermore, the operator Ty is self-adjoint, and the adjoint T* Hi/ 2(E)D) —
HO_I/Z(Z)D) of T is given by T*h = dw../dv on dD where w € H'(B\ D) N H' (D) with
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wlap € H;/Z(BB) solves the boundary value problem

ow

div(y*Vw) =0 inB\dD, P 0 onaB, (6.24)
)
8W+
i dyxw_ =0 onaD, wy —w_=h onaD. (6.25)
v

In particular, T is self-adjoint if y is Hermitian.

Proof: First, we prove that 7* has the given form. Indeed, let Th = dw, /dv = 9, w_
and let v be the solution of (6.24) and (6.25) for g instead of 4. By Green’s formula (6.11)
we have for sufficiently smooth g, h:

YTV AY 0 9%
v ov
aD
ad 9T
= / {ﬂa—‘:} —Wa—:j} ds — /{5_ ayW— —w_ BVTE_}dS
3B aD

= //[W. (yVw) — Vw - (y TVD)]dx = 0
D

which proves the desired form of 7T*.

By the definitions of A — Ag and G we observe that (A — Ag)p = (u—up)|op = G
where ¥ = d(u—ug)/dv on dD. We introduce the auxiliary operator L : H, 1/ 2(E)B) —
H<>_1/2(8D) by Lf = duy/dv where u solves (6.10). Analogously, Ly is defined. Then
we observe that A — Ag = G(L — Lp). By two applications of Green’s formula as above
it is easily shown that the adjoint L* : Hiﬂ(aD) — Hi/2(8B) of L is given by L*h =
w|sp where w solves (6.24) and (6.25). Therefore, L*h = w|yp = G T*h. Analogously,
Ly = G Ty and thus L — Lo = (T — Tp) G*. Substituting this into A — A9 = G(L — L)
yields the assertion. [

It is well known that the operator A — A is compact from H, 12 (0B) into Ho1 /2 (0B).

This follows also from the factorization of Theorem 6.2 and the following theorem. Its
proof is quite standard and therefore omitted.

Theorem 6.3 The operator G : H;”Z(aD) — Hi/z(BB) is compact and one-to-one

with dense range.

The operator G corresponds to the data-to-pattern operators for the exterior prob-
lems in scattering theory. As in the previous chapters the range of G depends in a very
specific way on the support D of g. In Theorem 6.6 below we will construct functions
¢., parametrized by points z € R?, with the property that z belongs to D if, and only if,
¢, belongs to the range of G. Therefore, it is the aim to characterize the range of G by
properties which depend on the data A — Ag only. From the functional analytic point of
view this is the situation studied already in the previous chapters.
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6.4 Characterization of the inclusion

The factorization of A — A in the form (6.23) suggests the application of the factorization
method. As we will see below, in this case only the self-adjoint form of Theorem 1.21
is needed which we had formulated in Corollary 1.22. In order to apply this corollary to
(6.23) it is again necessary that T — T satisfies certain coercivity conditions. For real
admittivities y it is well known that A depends monotonically on y in the sense that

¥ (y(x) - )7(x)) z>0 forallzeC? ae.onB

implies that (¢, Ap) < (g, Ag) forall g. We prove a similar result for the operators 7 and
T, for general admittivities y € L?(B, C?*?) which satisfies the following assumption
which is stronger than (6.17).

Assumption 6.4 Let B C R? be a connected domain with C?>-boundary dB. Let y €
L% (B, C4*4Y has the form

_J I+4q9(x), xe€D,
”(x)_{ I,  xeB\D,

for some domain D with D C B and some matrix-valued function g € L (D, Cdxd)y
with support D. Furthermore, we assume that B \ D is connected and

(a) there exists cy > 0 with

Im[z*g(x)z] <0 and |z> +Re[z*q(x)z] > co |z|? (6.26)

forall z € C? and almost all x € B, and
(b) there exists c; > 0 such that either

—Re[z"q(x) z] — 2" Im @) (¥) (I + (Re 61)()6))71 Img)z>cilzl* (627
forall 7 € C? and almost all x € D, or
Re[z*q(x) z] > c1lz)? (6.28)
forall z € C? and almost all x € D.
Here again, Req = (g + ¢*)/2 and Im g = (q — ¢*)/(2i) for any matrix g € C4*4,

We have formulated these assumptions in terms of g. With respect to y (6.27) and
(6.28) have the forms

= y@Rey )y 0*]z = eilz (6.29)
and
Re[z*(y(x) — D z] = c1lz)?, (6.30)

respectively. Note that for hermitian matrices g(x), (6.27) is equivalent to assume that
—q is uniformly positive definite on D.
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Theorem 6.5 Let y satisfy the assumption (6.26). Then we have:
(a) Im((T — To)h, h) > 0 forall h € H*(3D).
(b) Assume that in addition (6.27) holds. Then there exists ¢ > 0 with
1/2
Re((T = T, h) = ¢ I3 0p, forall h € H, 23D). (6.31)
(c¢) Assume that (6.28) holds. Then there exists ¢ > O with
1/2
Re((To — TVh h) = ¢ |l forallh € Hy /2(3D). (6.32)
Proof: First, we compute since Th = dw. /dv = 9, w_:

8W+

(Th,h)=/w(W+—W )dS

oD

/w—ds J[rwr dx—//Vw yViwds

B\D

= —/f Vw* yVwdx.
B
(Toh, h) //lvw dx

where wg solves (6.20) and (6.21) for I instead of y. Therefore,

m{(T — To)h,h) = Im(Th,h) = —Im // Vw* yVwdx > 0

Analogously,

by assumptions (6.26) on y. In the following we will write yy for I to indicate the
analogies.

(Th, h) — (Toh, h) = / / [Vw*y Vw — Vwg o Vwo] dx

= —2//(Vw — Vwo)* yVwdx
B

+ // [Vwg oVwo — 2V y Vw + Viw* y V] dx.

Since w —wqg € H, g (B) we note that by (6.22) for v = w — wy the first integral vanishes,
thus

(T — To)h, h) = //[VWE’; YoVwo — 2Vwg y Vw + Vw™ y Vw] dx. (6.33)
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Interchanging the roles of yg and y yields

((To — T)h,h) = // [Vw* yVw —2Vw* o Vwo + Vwg yoVwo] dx. (6.34)
B

Let now (6.27) (i.e., (6.29)) hold. Since Re y is real, symmetric, and positive-definite
there exists the positive-definite square root (Re y)!/2. Therefore,

Re((T — To)h, h)

= /f [Vw* Rey)Vw — 2Re(Vw§ y Vw) + Vw§ o Vwo] dx
B

= // [|(Re Y)2Vw|* — 2 Re{ Vwiy Re y) ™2 (Re )2V} + vwgyoon] dx
B

= // [|(Rey)l/2Vw— (Rey)_l/zy*Vwo|2+VWSVOVWO
B

—Vwyy (Re ) ! y*ng] dx

zf/ Vwi[yo — yRe y) 'y *]Vwp dx
B

> o /fIVWOIZdX
D

by assumption (6.29). The assertion now follows from standard arguments. Indeed, if
Re((T — To)h, h) = 0 then Vwy = 0in D. Therefore, d,,wo+ = dy,wo— = 0 on dD and
thuswp = 0in B\ D. This implies that h = w4 — wo— = —wyp_ is constant on 9D and,

therefore, has to vanish since s € Hi / 2(E)D). We have thus shown that

Re((T — To)h,h) > 0 forall h € H*(3D), h 0.

Assume now that there exists a sequence {4} in Hi/z(aD) with ||h®) lz12p) =1

and Re((T — To)h",h¥) — 0, j — oco. Then [Vw|2p — 0. We define the
functions w) in D by

W = O —ajx inD,

where o; = [, wds and y denotes the constant function with value 1 / [4p ds. Since

in {w € H'(D) : [,pwds = 0} the norm w — ./ [[,, [Vw|?dx is equivalent to the

standard norm of H' (D) we conclude that W) — 0in H!(D). Therefore, also BYOWSZ) =

8),%@ — 0in H~/2(3D) and thus w¥) — 0 in H!(B \ D) by the well-posedness of
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the Neumann problem in B \ D. This yields that

h + aj X = w_(i) — W@ — 0, inH'?@®D).
Since also faD hWds = 0 this implies a;j — 0 and thus h") — 0 in HY2(3D). This
contradicts the fact that ||h7 || ui23py = 1. Therefore, (6.31) is proven.

Let us now consider the case that (6.28) (i.e., (6.30)) holds. Analogously, as above,
we write

Re((Ty — T)h, h) = /f [|VW0|2 — 2Re{Vwo)* Vw} + Re(Vw* wa)] dx
B

=f/ [|VW0—VW|2+R6{VW* (y—I)Vw] dx

B
> ¢ // |VW|2dx.
D

Now we can argue as before. [J

The factorization (6.23), combined with the positivity properties of T — Ty allow
several forms of the factorization method. By comparing the factorization (6.23) with
those of the previous chapters we observe that now Corollary 1.22 is not directly appli-
cable because the operator A — Ay — which plays the role of F' in these abstract “range
identities” — acts between reflexive Banach spaces rather than Hilbert spaces.

We can, however, restrict this operator A — A to an operator from L%(BB) into
itself. Then we have to consider the operator G, defined in (6.19), as an operator
from Ho_l/z(Z)B) into Li(aB). Its adjoint maps L%(BB) into H;/Z(BB). A sketch of the
factorization is given in Figure 6.2.

The next step in the characterization of D by A — Ay is to construct functions ¢, in
L%(E)B) which depend on arbitrary z € B with the property that ¢, € R(G) if, and only
if, z € D. From the definition Gy = v|3p where v € H!(B \ D) solves (6.19) it is clear

L%(3B) L%(3B)

G* G

T—T,
H200) ——% » 120

Figure 6.2 The factorization A — Ag = G(T — Ty)G*
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that functions ¢ are in the range of G if they are of the form ¢ = v and v is harmonic in
B \5 with vanishing Neumann data on dB. Therefore, we construct harmonic functions
with vanishing Cauchy data which are singular at the given point z € B.

For doing this we have to introduce the Green’s function &y = Py (x,z) in B with
respect to Neumann boundary conditions on dB.> More precisely, it is well known (see,
e.g., [42]) that there exists a function N € C 2(B x B) such that for every z € B we have
that N (-, z) € C!(B) satisfies

ON (x,7) _ 1 0D (x, 2)

—_— = — n dB.
av(x) |0B| v (x)

AxN(x,z) =0 inB,

Here, ®¢ denotes the fundamental solution of the Laplace equation in RY ie.,

—s Inlx—z|, d=2,
1/(4r|x —z]), d=3.

Then @y (x,z) = Po(x,z)+N (x, z) is smooth for x 7# z and satisfies A, Py (-, z) =0
in B\ {z} and 0®yN (-, z)/dv(x) = —1/|dB| on dB. We normalize ®y, i.e., N, such that
[35 ®n(x,2) ds(x) =0 forall z € B.

It is well known (cf. [145]) that ®y is symmetric with respect to both variables,
ie., Py(x,z) = Oy(z,x) for all x,z € B, x # z. In particular, d, is analytic also with
respect to z # x.

With this Green’s function ®y we construct the sampling functions ¢, € Li(aB) as
follows: Choose an arbitrary unit vector & € R? and set

¢:(x) = a-V,Py(x,2), x€IB. (6.35)

Do(x,2) = {

Then we have the following characterization of D by the range of G which is
completely analogous to the results of Theorems 1.12, 4.6, and 5.11:

Theorem 6.6 Let B C R? be a bounded domain with a Lipschitz—continuous boundary
dB. Furthermore, assume that D C R? is a domain such that D C B and B\ D is
connected. For any z € B define ¢, € Li(aB) by (6.35). Then ¢, € R(G) if, and only if,
zeD.

Proof: Let first z € D. By differentiating the Laplace equation and the boundary con-
ditions with respect to y we observe that the function v(x) = a - V, Oy (x, z) satisfies
Av = 0in B\ D and dv/dv = 0 on dB. Furthermore, v|3p = ¢, on dB. Therefore,
G(0v/0v) = ¢, which shows that ¢, € R(G).
Second, let z ¢ D, and assume on the contrary that ¢, = G(dw/9dv) for some
w € H'(B\ D) with Aw = 0in B\ D and dw/dv = 0 on dB. As before, define
v(x) =a- V. Py (x,z) forx € B\ (DU {z}). Then the Cauchy data of v and w coincide
on dB. Now we fix y € dB and a ball U centered in y such that U N B C B\ D and
z ¢ U and define the function
| v—=w immUNB,
”_{o inU\B.

3 1t is only here where we make use of the stronger regularity assumption on dB.
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Since v — w vanish on 9B we conclude that u € H'(U). Since the Neumann data of v
and w vanish on 9B the variational formulations yields that

//Vu Vl/fdx—//V(v—w) Virde=0

UnB

for all ¢ € H(}(U ). Therefore, u € H'(U) satisfies Au = 0 in U. Classical interior
regularity results yield that u is analytic in U. Since u vanishes on U \ B an analytic con-
tinuation argument implies # = 0 also in U N B and thus, again by analytic continuation,
v =walsoin B\ (5 U {z}). In particular, this implies that v € H' (B \(DU {z})). On
the other hand, v has the same type of singularity at x = z as vo(x) = a - V, D¢ (x, 7). By
Lemma 6.7 below vy is not square integrable in a cone of the form C = {x =z+1x:
O<t<rg X- h>1— 8} where the unit vector b € R? is chosen such that C C B\ D.
This implies, in particular, that vy is not in H 1 (B\ D), a contradiction. [J

Lemma 6.7 Let z,4,b € R? with |a| = |b| = 1 and ,ry > 0. Then a - V.®o(-,2) ¢
L2(C) where the cone C is defined by

C:{x=z+t)?:0<t<ro,5c‘l3>1—8}.
Proof: For r € (0,ry) we set
Crz{x=z+t)%:r<t<r0,5c-l;>1—3}.

For the proof we restrict ourselves to the case d = 3. (The case d = 2 is treated
analogously.) Then we have with x = z + £x and the transformation formula for multiple
integrals (where dx = r2dt ds(X))

o
a-(x—z) 1 dt A A
//’a Vv, (x, z)| dx = // (|4n)2x—z||6 — (471)2/1?_2 / }a.x|2ds(x),

Xb>1—¢

and this tends to infinity as r tends to zero since the second integral is certainly positive. [J

First, we consider the case that g(x) is hermitian for almost all x € D. From
Theorem 6.2 we know that T — Ty is self-adjoint. Since (T — Tp) fors = 1 ors = —1
is also coercive by (6.31) or (6.32), respectively, we can apply Corollary 1.22 of
Chapter 1 which yields that the ranges of |A — Ao|/? - L%(BB) — Li(aB) and
G : H; '*(3B) — L2(dB) coincide, i.c.,

R(IA — Aol'?) = R(G). (6.36)
Combining this equation with Theorem 6.6 yields the following characterization of D.

Theorem 6.8 Let Assumption 6.4 hold and assume that q(x) is hermetian for almost all
x € D. Then z € D if, and only if, ¢, € R(|A — A0|1/2) where ¢ is defined by (6.35).
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Now we consider arbitrary functions ¢ € L*(D,C?*¢) which satisfy Assump-
tion 6.4. From the factorization (6.23) we see that also the real and imaginary parts of
A — Ay can be factorized. Indeed, if we recall the definitions Re B = (B 4+ B*)/2 and
Im B = (B — B*)/(2i) for any bounded operator B, we have

Re(A — Ag) = G Re(T — Ty) G¥, Im(A — Ag) = G Im(T — Ty) G*,
and thus
Ay := Re(A — Ag) + p Im(A — Ag) = GAG*, (6.37)
where p € R is an arbitrary coupling parameter and
A = Re(T —Tp) + p Im(T — Tp).

We choose p > 0 if Re(T — Ty) is coercive and p < 0 if —Re(T — Tp) is coer-
cive. Then A : H;/Z(Z)B) — HO_I/Z(E)B) is self-adjoint and +A or —A is coercive by
Theorem 6.5. Therefore, we can again apply Corollary 1.22 of Chapter 1 which yields
that the ranges of |A#|!/? and G coincide. Therefore, combination with Theorem 6.6

yields

Theorem 6.9 Let Assumption 6.4 hold. Define Fy and ¢, by (6.37) and (6.35), respec-
tively, for any z € B and p € R with p > 0 if Assumption (6.27) holds and p < 0 if
Assumption (6.28) holds. Then z € D if, and only if, ¢, € ’R(|A#|1/2).

Before we present two numerical examples we want to add some remarks.

The Green’s function @y can be computed from the Neumann-to-Dirichlet operator
Ao. Indeed, from the boundary value problem for N in the decomposition &y = &g+ N
we observe that

N2 = —ho (o2 4 ) (o)
. — — —, S C
¢ "\ov ¥ T 9B ¢
where ¢(z) is chosen such that faB Oy (x,z)ds(x) = 0.

We have chosen (directional) derivatives of the Green’s function ®y as sampling
functions. If a point Z inside of the unknown domain D is already known one can also
choose

¢.(x) = Py (x,2) — Py(x,2), x € 9B,

as sampling functions instead of ¢, from (6.35). By modifying the above arguments it
is easily seen that Theorems 6.6 and 6.8 hold also for this choice of ¢,.

We can formulate the characterization of Theorem 6.9 also by using an eigensystem
{A;j, ¥} of the self-adjoint and positive operator A as in the previous chapters. Therefore,
a point z € B belongs to D if, and only if,

-1
00 . 2

W(z) = ZM > 0. (6.38)
j=1 !
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This characterization of D makes use of the full knowledge of the spectral set {A;, ¥/;}.
In [139] Armin Lechleiter investigated the behavior of the corresponding (regularized)
sum W) for finite-dimensional approximations A™) € CM*M of A. He shows con-
vergence of Wy, (2) to zero for points outside of D while the W), (z) remains positive for
z inside of D.

The treatment of the inverse problem of electrical impedance tomography by the
Factorization Method has been generalized to quite general inverse elliptic boundary
value problems in [120] and [68]. There are very recent applications of the Factoriza-
tion Method to related problems in heat conduction (see [66]) and optical tomography
(see [89, 91]).

We finish this chapter with two numerical examples in R? and plot the finite sum.
The disk of radius 1 contains one or two inclusions. In the first example D is an ellipse

® o % o R EEREE
TTTT TTTT T°°°°
Figure 6.3 The shape of the inclusions for the examples
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Figure 6.4 Contour plot of W for the examples with 0.1% noise
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and in the second example D consists of two circles (see Figure 6.3). The boundary
of B is partitioned into 32 equidistant parts which correspond to 32 electrodes. The
continuous Neumann-to-Dirichlet operator is then replaced by a 31 x 31 — matrix
A e C3131 corresponding to adjacent current patterns. For a precise description of
the implementation we refer to [94]. The reconstructions in Figure 6.4 are carried out by
Armin Lechleiter.



7

Alternative sampling and probe
methods

The Factorization Method is only one of several approaches to solve the inverse scattering
problem by avoiding the computation of solutions of direct scattering problems. In this
chapter we present some methods which all share the common feature that the region
where the unknown domain D is expected is “sampled” by points or curves. In contrast to
the factorization method, however, all of them make use of the fact that the fundamental
solution ®(-,z) — or any other solution of the Helmholtz equation — in any bounded
domain G can be approximated by functions from a suitable class of special solutions of
the Helmholtz equation — provided the domain G is such that its exterior is connected.
For problems in impedance tomography similar approximation results are needed for the
Laplace equation. Therefore, the first section collects two basic approximation theorems
for the Helmholtz and the Laplace equation.

7.1 Two approximation results

As mentioned above, all of the methods in this chapter make use of approximation theo-
rems for the Laplace equation and the Helmholtz equation. Sometimes they are referred
to as “Runges Approximation Theorem,”!, sometimes they are cited as “Malgrange
Approximation Theorem” (cf. [142]). We will need only special cases of these results
and will state and prove them for the convenience of the reader.

In the first theorem we show that every solution u of the Helmholtz equation in some
region G can be approximated arbitrarily well by solutions v of the Helmholtz equation
in a larger domain. This result holds also for k = 0, i.e., for the Laplace equation. For
k > 0 we will prove a stronger result in Theorem 7.3 below. We will make use of
the fact that the interior boundary value problem with impedance boundary condition
du/dv +iu = f on dG is uniquely solvable for every f € H~'/2(3G). We note that this
lemma holds also for the case k = 0.

Lemma 7.1 Let k € R withk > 0 and G C R3 be a bounded Lipschitz domain. For
every f € H™Y2(3G) there exists a unique u € H'(G) such that Au+ k*u = 0in G

I This notion goes back to Peter Lax [137], cf. also [99, 149], because of the analogy to the problem of
approximating holomorphic functions by polynomials.
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and du/ov + iu = f on 0G. Furthermore, there exists ¢ > 0 depending only on k and
G such that

lullgrcy < c W lg-12056) -

Proof: The solution u € H'(G) is again understood in the variational sense, i.e.,

//[vu.vw_k%w]dxﬂ/u%ds:gmp) forall y € H'(G). (7.1)
G

G

To show uniqueness let f = 0. Substituting ¥ = u in (7.1) and taking the imaginary
part yieldsu = Oon dG, i.e,u € HO1 (G) and

//[Vu-vw—kzullf]dx:O forall y € H'(G).
G

Therefore, extending u by zero outside of G we observe that u € H L(R3) and
Au + k*>u = 0 in R? in the variational sense. The unique continuation implies that u
vanishes in all of R3. Existence is then shown by the Riesz-Fredholm theory by the same
arguments which have been used already in this monograph. Nevertheless, we sketch
the proof and write (7.19) in the form

WGy — a, ) = (f,¥) forally € H'(G), (1.2)

where the sesqui-linear form a on H L(G) is defined by

a(u,lﬂ):(kz—l-l)//uwdx—i/uwds, u,y € H'(G).
G

G

Since a is certainly bounded there exists a linear and bounded operator A such that
a(u, ¥) = (Au, ¥)y1 () forallu, ¢ € H'(G). The operator A is even compact as seen as
follows. Let {u,} converge weakly to zero in H ! (G). The trace theorem yields that u,, |a G
converges weakly in H'/2(3G). Then, by the compact imbeddings of H'(G) c L*(G)
and H'/2(0G) C L*(3G) we have that [[u,|| 26 and ||un| 2 (3, converge to zero. Then
we estimate

lAunll 71 Gy = @Guns Aun) < 62 + Dl 26 1Aunll 26y + lunll 206y 1 Aunll 2 o)
< [(kz + Dllunllz2) + ||l4n||L2(aG)] lAunll g1 ()
from which we see that {Au,} converges to zero in H LG). O

Now we can prove the following approximation result which is true for both, the
Laplace equation and the Helmholtz equation.

Theorem 7.2 Let_ k € Rwithk > 0and B, G be bounded Lipschitz domains with GCB
and such that B\ G is connected and 3G € C2. Furthermore, letu € H'(G) be a solution
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of the Helmholtz equation Au + k*u = 0 in G in the variational sense, i.e.,

//[w.vw —kuy)dx=0 forally € Hy(G).
G

Then, for every ¢ > 0, there exists a solution v € H! (B) of Av+ k?v = 0in B such that
lv— u”HI(G) <e€.

Furthermore, if U is any open set with U C G then for every ¢ > 0 and m € N there
exists a solution v € C"™(U) such that

lv — ””Cm(ﬁ) <e€.

Proof: By enlarging B we can assume that also dB is smooth and that the exterior of
B is connected. We approximate u by solutions which are single layer potentials with
[2-densities on 9B, i.e., v is of the form

o) = / B(r.y) ¥ () dsy), x € B, (73)

B

for ¢ € L*(3B). From [144] we know that v € H'(B). By the previous lemma it is
sufficient to prove that the traces dv/dv +i v on 3G are dense in H !/ 2(3G). Therefore,

let ¢ € H'/2(3G) such that
a
/<p|:—v+ivj|ds:0,
av

G
for all v, i.e.,

/ o(x) / [LCID(x,y) vy +idx,y) W(y)] ds(y)ds(x) =0 forall y € L2(BB).
9B

ov(x)
3G

Interchanging the orders of integration yields

0
/Vf(y) /fp(X) [— <I>(x,y)+id>(x,y)] ds(x) ¢ ds(y) =0
JB

av(x)
G
for all Y € L*(3B) and thus

w(x) = /(p(y) [avi(y) D(x,y) +1i CI>(x,y)i| ds(y) =0 forallx € 9B. (7.4)
G

Therefore, the potential w defined by (7.4) for all x ¢ 9G solves the boundary
value problem in the exterior of B with homogeneous Dirichlet boundary conditions
on dB. Furthermore, in the case k > 0 it satisfies the Sommerfeld radiation condition
and has to vanish in the exterior of B by Theorem 1.1. In the case k = 0 we observe
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that w(x) = O(1/R) and Vw(x) = O(1/R?) for |x| = R — oo. The uniqueness of the
exterior boundary value problem for the Laplace equation (shown again by an application
of Greens first theorem) yields that w vanishes in the exterior of B. In any case (i.e., if
k > 0 or k = 0) a unique continuation argument yields that w vanishes in the exterior
of G. Now we make use of the jump conditions of the single and double layer potentials
for densities in Sobolev spaces, cf. [144], Theorem 6.11. For the traces of w and dw/dv
from the exterior (4) and interior (—), respectively, we have

wi—wo=9, —— ——— =—ip,

and thus, because the traces from the exterior vanish,

ow_ |
— +iw_=0 onadG.
av

The uniqueness result of Lemma 7.1 yields that w vanishes in G and thus also ¢.
Denseness in the interior domain U follows from interior regularity results of the
Helmbholtz equation. [J

By essentially the same arguments we can show:

Theorem 7.3 Let k > 0 and GCR? be a bounded Lipschitz domain such that R3 \ G
is connected and 3G € C2. Furthermore, let u € HY(G) be a solution of the Helmholtz
equation Au + k*u = 0in G in the variational sense. Then, for every ¢ > 0, there exists
a Herglotz wave function, i.e., a solution vy, of the Helmholtz equation of the form

vy (%) =/w(9)e"’”'9 ds(), xeR’, (7.5)
SZ

for some W € L*(S?), such that
||’U1/f — M”HI(G) <e.

Furthermore, if U is any open set with U C G then for every ¢ > 0 and m € N there
exists a Herglotz function vy, such that

||U¢ — u||cm(U) <e€.

Proof: (cf.[58]) Again it suffices to prove that the traces dvy, /0v +ivy on 0G are dense
in H~'/2(3G). Let again ¢ € H'/?>(3G) such that

duy . 2,2
® E—i—lvw ds=0 forally € L°(S7).
3G

Substituting the form of vy and interchanging the orders of integration yields

fw(e) fso(y) [L ek 4 ie""y'@]ds(y) ds() =0
av(y)
S2 G
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for all Y € L*(S?) and thus

0 . .

/go(y) I:B_() ey o 4 ie’ky‘9i| ds(y) =0 foralld € s2.
vy

G

We note that this term is the far field pattern w* (—0) of

d
G

Rellich’s Lemma 1.2 and a unique continuation argument yields that w vanishes in
R3 \ G. Now we can argue exactly as in the proof of the previous theorem. [J

In the following sections we will need corollaries of these basic approximation
results. We will formulate and prove them when they appear.

7.2 The dual space method and the linear sampling method

The Linear Sampling Method has been introduced by David Colton and one of the
authors in [39] for the scattering of plane harmonic waves by impenetrable obstacles.
Actually, the origin of this method traces back to the “Dual Space Method,” investigated
by David Colton and Peter Monk in a series of papers [45-49]. We will recall this
method for the same simple model problem of Chapter 1 and follow the formulations
in [43].

Let D C R? be an open and bounded domain with C!*-boundary 3D such that the
exterior R3 \ D of D is connected. Furthermore, let k > 0 be the wavenumber and

u(x,0) = * 0 xeR3, (7.6)

be the incident plane wave of direction 8 € § 2, Again, § 2= {x e R3 |x| = 1} denotes
the unit sphere in R>. The scattered field and the total field are again denoted by u* and u,
respectively. u satisfies the Helmholtz equation

Au+k*u=0 outside D, (1.7)
and the Dirichlet boundary condition
u=0 onaD. (7.8)

The scattered field u® satisfies the Sommerfeld radiation condition (1.17) which yields
the existence of the far field pattern 4> as the first coefficient in the asymptotic expansion

exp(ik|x])

u(x) = [uoo(fc,e) + O(l/r)] forr = |x| - oo (7.9)

47 |x|

uniformly with respect to X = x/|x|. Again, we indicate the direction of incidence by
writing u®°(x, 6).
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The inverse scattering problem is to find the obstacle D from the knowledge of the
far field patterns u®(x, ) for all x,6 € S 2,

Let again & = ®(x,y) denote the fundamental solution of the Helmholtz equation
inR3,ie.,

D,y = SRR =D
T T oy

s XFEY.

The idea of the Dual Space Method of Colton and Monk,2 formulated in our notations,
is first to approximate the special radiating field ®(-,0) of a source at z = 0 — which is
a priori assumed to lie inside the scatterer D — by a superposition v of scattered fields
u*(-,0) corresponding to plane waves as incident fields. In other words, one tries to
determine g € L*(S?) such that

v(x) = /g(@) W’ (x,0)ds(®) ~ ®(x,0) forx¢D. (7.10)
SZ
The observation that u®(x,0) = —u(x, 0) for x € 3D motivates the second step in

which the unknown boundary 8D is found by searching for points x € R? for which the
Herglotz wave function

Vg (x) = /g(e)ui(x,e)ds(e) =/g(9)e"’”'9 ds(9) (7.11)
52 52

coincides (approximately) with —® (x, 0). As in [43] we assume that the unknown surface
is starlike with respect to the origin and can be parametrized as x = p (%)% for & € S
for some positive p € C L@ (§2). Therefore, for some convex and compact subset U/ of
{p € C1($?) : p > 0on S?} we try to determine p € U such that vy (p(})F) ~ —
@ (p(%)x,0) for & € S? or, in terms of the surface Iy, = {x = p(X)X : % € §2}, such that
velp, = —® 0, .

Since only far field patterns (-, 6) are available the function g € L?(S?) can not
be determined by (7.10). Instead, one tries to find g such that the far field patterns of v
and @ (-, 0) coincide, i.e. one solves the integral equation of the first kind

fg(e)um(fc,e)ds(e) =1, ies?, (7.12)
S2
approximately, i.e., Fg = 1 by using the far field operator F from (1.30). Here again, 1
denotes the constant function with value one.

Since (7.12) is an integral equation of the first kind which has, in general, no solution
in [43] a combined regularization technique is proposed. For example, one can minimize

2 We will follow the presentation in [43] where this method is called method of superposition of incident
fields in contrast to the method of superposition of scattered fields.
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the functional
2

Je(g:0) = €llvg oy + / gOuX(.0)ds@) — 1| +lvg + . 0E1 )

52 LZ(SZ)
(7.13)

with respect to the pair (g, p) € L%(S%) x U. Here, T is some given surface which
contains the unknown surface dD in its interior, vg is given by (7.11), and ¢ > Ois a
regularization parameter. In [43] the following convergence result has been proven:

Theorem 7.4 Assume that the origin is inside of D and that k* is not a Dirichlet
eigenvalue of — A in D.
(a) For every € > 0 there exists an optimal surface I, i.e., po € U satisfies

inf Je(g,p0) = inf Je (g, p) -
geL?(8?) (g:p)eL?(SP)xU
(b) Let {g,} be a null sequence and let p, € U be a corresponding sequence of
parametrizations of optimal surfaces for the regularization parameter €. Then there
exist convergent subsequences of {p,}. Assume that 9D = T j for some p € U. Assume
further that the solution of the interior Dirichlet problem

Av+k*v=0inD, v=—®(,0)0ndD, (7.14)

can be extended analytically across the boundary 9D into the interior of T with contin-
uous boundary values on I'. Then every limit point p of {p,} represents a surface I',,
withv = —®(,0) onT.

Since one cannot prove uniqueness of the solution of the optimization problem we
can not assure the existence of only one accumulation point. In particular, it is not clear
whether or not the computed surface I', coincides with dD. Also, a convergence result
for the general situation without the restricting assumption that v can be extended across
aD has not been proved.

The assumption that the origin lies in D is crucial. Itis used in the proof of Theorem 7.4
in the way that if v satisfies (7.14) then the solution v* of the exterior Dirichlet boundary
value problem with boundary data v on 9D coincides with —® (-, 0) in the exterior of D.

The origin O can, of course, be replaced by the any other known point z inside D.
The constant function 1 on the right hand side of (7.12) or in the definition (7.13) of J
has then to be replaced by the far field pattern exp(—ik z - X) of ®(-,z). In particular,
equation (7.12) has to be replaced by

/g(@) u®(R,0)ds(0) = e *¥% | 3 eS?. (7.15)

S2

In 1996 it was also numerically observed that for a point z outside of D any regularized
solution of (7.15) is of much larger L>-norm than for points z inside of D. This observation
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led to the idea of the Linear Sampling Method, first presented in [39] and [56] for obstacle
scattering problems. For survey papers discussing this method we refer the reader to [36]
and [38].

The following function ¢, € L?(S?) has been used already in the Factorization
Method.

b.(}) =e ¥ jes?, (7.16)

for any z € R3.

Comparing the Linear Sampling Method with the Factorization Method where one
checks solvability of the equation (F*F)'/4g = ¢, we observe that the Linear Sampling
Method computes approximate solutions of the equation Fg = ¢,.

The following theorem is a slight modification of the formulation in, e.g., [25] and
provides the mathematical basis of the Linear Sampling Method.

Theorem 7.5 Letu® = u®(x, 0) be the far field pattern corresponding to the scattering
problem (7.6) — (7.9) with associated far field operator F, and assume that k* is not a
Dirichlet eigenvalue of — A in D.

(1) Foreveryz e D and e > 0 there exists g, € L%(S?) such that

Hng,e —¢; HL2(52) ) (7.17)
and, for every z* € 3D and every choice of g, € L2(S?) with (7.17),
= 00 (7.18)

Jim azel ey = 00 and - lim g [,

where vg is the Herglotz wave function (7.11).
(2) Foreveryz ¢ D and s > 0 there exists g, . € L>(S?) such that

gli_ff})”F 8o = 0z 252, =0 (7.19)
and
22%”3@9 HLZ(SQ) =0 and 8121})||ng£ ||H1(D) = 0. (7_20)

In this case g; . can be chosen as the Tikhonov regularization of the equation Fg = ¢.,
i.e., as the unique solution of

(el + F*F)g = F*¢,. (7.21)

Proof: By the trace theorem there exists c¢; > 0 with ||w|3D ||H1/2(3D) < c1lwlg1(p) for
all w € H'(D). Furthermore, by the well-posedness of the exterior Dirichlet problem
there exists ¢o > 0 with ||W°o||L2(Sz) <c ||w|aD ”111/2(30) for all radiating solutions w
of the Helmholtz equation Aw + k*>w = 0in R3\ D.

(1) Letz € Dande > 0. From the assumption on k? there exists a unique solution
w, € H'(D) of Aw+k*w = 0in D withw, = ®(-,z) on dD. By Runge’s Approximation
Theorem 7.3 there exists g; . € L2(5?) with

1

cic

|vg.. +w ||H1(D) = €
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and thus
1
||ng,s + @(2) ||H1/2(6D) = 5 €. (7.22)

Since Fg; . and ¢, are the far fields of the scattered fields with boundary data —v,_,
and ®(-,z) on D, respectively, we conclude that

||ng,8 - ¢Z ||L2(S2) <¢€

which proves (7.17). Assume now, on the contrary, that there exists z* € dD and M > 0
and a sequence z,, € D with z, — z* and ||v,,||H|(D) < M where we have set v, = vg_ |
for abbreviation. Therefore, by (7.22),

A

||<D(-,Zn)||H1/2(3D) < | P(,zn) + Un”Hl/Z(aD) + ||Un||Hl/2(aD)

1
<—¢e+ciM foralln.
)

This contradics the fact that limy—oo [P (-, 20) 1G5y — o° for any bounded

region G C R3 which contains D in it’s interior. Therefore, the second statement of
(7.18) is proven. The first statement follows now directly from the boundedness of the
mapping g — vg|p from L2(S?) into H' (D).

(2) Foreveryz ¢ Dand e > 0define g, € L2(S?) by the solution of (7.21).3 We
introduce the Tikhonov functional J, . : L*>(S?) — R by

Joe(®) = IFg = d:llfa o) + e llgl a5y 8 € L2(SP).
From the binomial equation in the form
Joe(§) = Joo(82e) = 2 Re[(F8ze — b2, Fg — Fgz) (52, + € (8208 — 826) 1252 ]
+IF (g = g0l + €18 = 86l 722,
=2 Re[(F Fgre — F*: + €82+ & = 826) 2(s))
+IF (g — g0 llpagsn, + € 18 — 8l a2,
= IF (g — g0z (52, + € g — &ecl} 2,

for all g € L?(S?) we conclude that 8z 1s the unique minimizer of J;, on L2(S?).
Furthermore, from

1Fgze = b:llagsy) < Joe(82e) < o (@) = IIFg = 2l a5y + € 181725

and the denseness of the range of F' by Theorem 1.8 we derive (7.19).

3 Since the operator is obviously a Fredholm operator of index zero existence follows from uniqueness
which is easily seen after multiplication of the homogeneous equation by g.
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As in part (1) it remains to prove the second statement of (7.20). Assume on the
contrary that Hv& . < M for some M > 0 and some sequence &, — 0. Then

}Hl (D)
there exists a subsequence of v, = vg_, which converges weakly to some v € H'(D).
Let v® be the radiating solution of the Helmholtz equation in the exterior of D with
boundary data v|3p on dD and v be the corresponding far field pattern. Since Fg; g,
is the far field pattern of the scattered field with boundary data —v,, we conclude that
Fg,r, — —v* and thus v*° = —¢, on S 2. Rellich’s Lemma and unique continuation
yield that v° = —® (-, z) in R3\ (DU {z}). As in the proof of Theorem 1.12 this leads to
a contradiction since v* is in H' (U \ D) for some neighborhood U of z while this is not
the case for @ (-, z). This proves the second statement of (7.20). I

As we can imagine from the tools used in the proof of this theorem this kind of
justification of the Linear Sampling Method can be done for a wide variety of inverse
scattering problems. We refer to [24, 23, 26, 28, 35, 37, 38, 40, 51, 52, 80,65]. The
drawback of Theorem 7.5 — and all other results which try to explain the fact that, for a
given regularization strategy, the regularized solution of (7.15) is much better for z inside
of D than for z outside of D —is that there is no guarantee that for z € D the regularization
technique for solving (7.15) will actually pick the density g, .. However, numerically the
method has proven to be very effective for a large class of obstacle scattering problems.

In [8, 11] Tilo Arens and Armin Lechleiter gave a rigorous mathematical justification
of the Linear Sampling Method for those inverse scattering problems for which the char-
acterization by the (F*F y1/4 _ method of Subsection 1.4.3 holds. We restrict ourselves
to the case where g = g, . is determined as the Tikhonov regularization of the equation
(7.15), i.e., the solution of (7.21).

Theorem 7.6 Let the assumptions of the previous Theorem 7.5 hold. Furthermore, for
every z € D let g. € L*(S%) denote the solution of (F*F)Y/*g. = ¢., i.e. the solution
obtained by the Factorization Method, and for every z € R> and ¢ > 0 let g = 8¢ €
L?(S?) be the Tikhonov-approximation of (7.15), i.e. the unique solution of eg +F*Fg =
F*¢, which is computed by the Linear Sampling Method. vg_, denotes the corresponding
Herglotz wave function.

(a) For every z € D the limit

lim Vgze (Z)
e—0

exists. Furthermore, there exists ¢ > 0, depending on F only, such that for all z € D
the following estimates hold:

gl < limlve, @] < Nzl - (723)

(b) For z ¢ D the absolute values ’vgm (z)’ tend to infinity as ¢ tends to zero.

Proof: Since F is one-to-one and normal (Theorem 1.8) there exists an orthonormal
system { Yij € N} of eigenfunctions ; corresponding to eigenvalues A; € C of F.
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From

o0
Fg = (¥ Vi, ge€Ll* S, and
=1

o0
Frg = %V Vi g€ LS,
j=1
one computes the Tikhonov approximation g, . as

o0

~
8o = Z R e Ve Vi (7.24)

From vg(z) = (g, ¢7)12(s2) forany g € L2(5?%) we conclude that

e¢]

A
Vg, (2) = Z Wl + |(¢z7 I/fj)L2(52)| (7.25)

(a) Letnow z € D. Then (F*F)'/4g, = ¢. is solvable in L*>(S?) by Theorem 1.25 and thus
(92, 1ﬁj)]}(sZ) = ((F*F)1/4gz, 1/’]’)1}(52) = (g (F*F)l/4wj)L2(52) =4/ |)\j|(gz’ l/fj)LZ(SZ)-

Therefore, we can express vy, (2) as

_ 5 Ml S, 1] 7.26
Vg, (2) = ZW}(&,% 2| = ||gz||L2(Sz)ijM|2—, (7.26)
j=1

where p; = |(gz, Vi)i2(s2) |2/||gz ||i2(sz) is non-negative with Zj pj = 1. An elementary
argument (theorem of dominated convergence) yields convergence
o

Snpits = Lo = Lo
Pige+e P =

as ¢ tends to zero where we denote again by s; = A;/|A;| the signum of A;. The properties
of p; imply that the limit belongs to the closure M of the convex hull of the complex
numbers {s; : j € N}. Now we use the fact that s; lie on the upper half circle in C with
center 0 and radius 1 and converge to 1 (cf. Figure 1.5). Therefore, M has a positive
distance ¢ from the origin (see Figure 1.6) and thus

>J|\>J|

oo
2 A%z ¢
=1

which proves the first estimate of (7.23). The second estimate is seen directly from (7.26).
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(b) Let now z ¢ D and assume on the contrary that there exists a sequence {&,}
which tends to zero and such that |v,(z)| is bounded. Here we have set v, = vg_, for
abbreviation. Since s; converge to 1 there exists jo € N with Re A; > 0 forj > jo. From
(7.25) for ¢ = ¢, we get

Jo—1 — —

Aj
on(2) = Zw (e ¥ 125y | +ZM|2 (e ¥ 2|

J=jo
Since the finite sum is certainly bounded for n € N there exists ¢; > 0 such that

o0

Aj
Z W (¢ lﬁj)Lz(Sz)| cy forallneN.

Observing that for any complex number w € C with Rew > 0 and Imw > 0 we have
that Rew + Imw > |w| we conclude (note that also Im A; > 0)

o0

2¢1 =2 Z W |(¢z» 1/fj)Lz(S2)|

Jj=Jo

Re A +ImA;
z Z el)\ T o |62 U2

J=jo

|21
33 e @ el

J=jo

|2
Z Ty |2J | V25|

foralln € Nand all J > jo. Letting n tend to infinity yields convergence of the series

[e.¢]

Z ] |(¢z»1/f/)L2(52)}

J=jo

Therefore, the function

8z = Z \/I)»_ Y22 Vi

is well defined in L?(S?) and a solution of (F*F)g, = ¢.. This contradicts the fact that
z ¢ D by Theorem 1.25 and ends the proof. [

Remark: It can be shown that v,_, converges in H 1(D) to the solution v of the interior
boundary value problem for the Helmholtz equation with Dirichlet boundary values
D (-, z) (cf. [11]).
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From the Factorization Method we know that ||g:|l;2(s2) tends to infinity as z
approaches the boundary T'. Therefore, also the limit lim,—.o|vg,, (z)| tends to infinity
as z approaches the boundary I'. This is exactly what is observed in the Linear Sampling
Method (see [11]).

7.3 The singular sources method

As in the previous section (and in Chapter 1) we consider the simple inverse scatter-
ing problem where the underlying model is the Dirichlet problem for the Helmholtz
equation in R3. Therefore, let u* = u’(x,0) be the scattered field corresponding to
the wavenumber k > 0, domain D C R3, and incident field u’(x,0) = exp(ikx - 0)
for x € R?. We assume that D is bounded such that R® \ D is connected and 8D € C2.
The scattered field u* satisfies the exterior boundary value problem (1.18), (1.19), (1.20)
forf = —u', ie.,

Au® + k*u* =0 outside D, (7.27)
u'=—u' ondD, (7.28)
and
o' _
P iku* = O(r~2) forr=|x| - oo (7.29)

uniformly with respect to X = x/|x| € S2.

The far field pattern of u* is again denoted by u>® = u®(%,0) for x,0 € S>. The
inverse scattering problem is to determine D from u® (%, 0) for k,6 € S2. As before we
denote by F : L%(5%) — L*(S?) the far field operator, defined by

(Fg)(®) = /u“(fc,e)g(e)ds(e), tes?. (7.30)
S2
The basic tool in the Singular Sources Method is to consider the scattered field
v* = v*(x,z) which corresponds to the incident field v'(x) = ®(x,z) where z ¢ D

is a given source point. First, we give a new proof of the following result (cf. [160],
Theorem 2.1.15).

N

Theorem 7.7 There exists ¢ > 0 (depending on D and k only) such that
c —
(z2,2)| > ———— llz¢D. 7.31
|v*(z Z)i_d(z,aD) Sforall 7 ¢ (7.31)

Here, d(z,0D) = inf{lz —yl:ye BD} denotes the distance of z to the boundary of D.

Proof: 1t is sufficient to prove the assertion locally, i.e., in a strip Dy, = {y + tv(y) :
yedD, 0 <t < h} around dD. As shown in [42], Chapter 2, we can choose /& small
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enough such that every z € Dj, has a unique representation as z = y + tv(y) for some
y € 9D and some t € (0, h]. Furthermore, the smoothness of dD assures the existence
of a constant ¢y > 0 with ‘(y —X) - u(x)| < cy|x — y|* for all x,y € 3D and thus

=y £ =\l =y P+ 2 £ 2 (=) v() = (L= 2en)fx =y + 12

1
> (1= 2henly =3P+ 12 = S\l =y 42

for h < 3/(8c1). In particular, this yields d(z, dD) > t/2.
In the first part of the proof we show that there exists a constant ¢ > 0 such that

|(I>(x,y + tv(y)) — d>(x,y — tv(y))| <c¢p forallx,y € aD, t € (0,h]. (7.32)

Indeed, since exp(ik|x — z|)/(4m|x — z|) — 1/(4m|x — z]|) is bounded it is sufficient
to prove the existence of ¢ > 0 such that

1 1
Alx,y,t) == — <c¢ forallx,y € aD, t € (0,h].
x—y—t|] |x—y+1v]

Here, we have written v for v(y). We estimate

||x—y+tv|—|x—y—tv||
x—y—1tv|lx —y+tv|

A(x,y,1) =

’Ix—y+tv|2—|x—y—tv|2’
b=y — ol =y + ool[lx =y + v + lx =y — 1v]]

alo-y vl reep

=1 = lba————57
(=P +2) Vi —yP+ 22 (b =2 +12)

3/2
It is easy to see that the function ¥ (r) = t a*/(a® + t*)3/? is bounded by (%) /2
for all + > 0 and a € R. This proves (7.33).
For any z =y + tv(y) € D;, we define h, € C(dD) by

ho(x) = ®(x,y —1v(y)), xe€dD.

From (7.33) we conclude that ||, — ®(-,2)[lcop)y < ¢z for all z € Djy. Since
y — tv(y) € D we conclude that CD(-, y— tv(y)) is the solution of the exterior boundary
value problem with boundary data &, on dD. The continuous dependence of solutions
of the exterior Dirichlet boundary value problem yields the existence of a constant c3
(only dependent on D and k) such that

[v' ¢+ @(y =) | carpy < e3ll = @C.2) +hzllcop) < csea.
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Therefore, by the triangle inequality,

|v*(z,2)| = [[v*(z,2) + (2, y — tv() ] — @(y + v,y — ()|

> [@(y+ vy =) = [0+ @y = v®) | o)
1 1 1 1 c
2> o — 0302 o — = =
8mt 8wt lémh ~ 167t — d(z,0D)

for h < 1/(16mcyc3). This ends the proof. [

Now we proceed with the derivation of the Singular Sources Method. We fix z ¢ D
and ¢ > 0 and a bounded domain G, C R? such that its exterior is connected and
z ¢ G, and D C G,. Applying Theorem 7.3 to u = ®(-,z) in some open and bounded
domain G such that its exterior is connected and G, C G and z ¢ G yields the existence
of g € L*(5?) depending on z, G-, and ¢ such that

lvg — @C. Dl < ¢ (7.33)

In the following we indicate the dependence on ¢ by writing g.. The dependence on
z, and Gy is not indicated. The previous formula implies, in particular, that

lvg, — @(,2)llcep) < €.
By the superposition principle, the scattered wave corresponding to the incident field

Vg, 18 given by

/us(-ﬁ)gs(Q)dS(G)-
S2

From the continuous dependence property of solutions of the exterior Dirichlet
problem there exists ¢; > 0 such that

/us(x,O)ga(Q)dS(G) — ' (x,2)| < c1 llvg, = P, 2)llcap) < c1 €
SZ

for all x ¢ D. In particular,

/us(z,é)gs(H)dS(O) —v'(z,2)| <cre.
52

Furthermore, the continuous dependence result yields

fum(i,e)gg(e)ds(e) —v®&, )| <cre forallk e §2,

152



174 Alternative sampling and probe methods

for some ¢; > 0, i.e.,
vC,2) = Fgelles2) < c2e-

Now we use the mixed reciprocity principle of Theorem 1.7 which yields that
u*(z,0) = v*°(—0, z). Combining these estimates for different g5 and g, yields:

v (52) — f (Fge)(=0) g5(0) ds(@)| < |v*(2.2) — / (2, 6) g3(0) ds(0)
SZ

S2

+ / [0°(=0,2) — (Fgo)(=0)|25(0)]| ds(©)

S2

5q5+qgﬂ&wﬂ@wy
S2
Therefore, we have shown the following convergence result for the singular sources

method:

Theorem 7.8 Let u™ = u™®(%,0), ,0 € S?, be the far field pattern of problem (7.27),
(7.28), (7.29) and denote the far field operator (7.30) by F. Fix z ¢ D and a bounded
domain G, C R3 such that its exterior is connected and z ¢ G. and D C G.. For any
e > 0 choose g = g € L>(S?) with (7.33). Then

lim lim /(Fgg)(—é) gs(0)ds(0) =v°(z,2),
3—0e—0
S2
i.e., by substituting the form of F,
(}imo 1i11})//u°°(—9,77) 8 (1) g5(0) ds(n) ds(0) = v*(z,2) .
—>0e—>
52 §2
Combining this with (7.31) yields

lim lim /fu°°(—9,n)ge(n)ga(Q)dS(n)dS(Q) > (7.34)

§—>0e—0
52 §2

C
d(z,0D)
This result assures that for z sufficiently close to boundary D (and regions G chosen

appropriately) the quantity

§—>0e—0
52 §2

lim lim f / U (—0, 1) g+ (1) 85(0) ds(n) ds(9)

becomes large.
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In [160] Roland Potthast used domains G; of the special form

X
GZ=GZ,p=(1+pp)+{xeR3:|x| <R, m~p>—cosﬂ}

for some (large) radius R > 0, opening angle € (—n/2,7/2), direction of opening
peSs 2 and p > 0. The dependence on 8, p, and R is not indicated since they are kept
fixed. This domain G, is a ball centered at z + pp with radius R from which the cone of
direction —p and opening angle S has been removed. Obviously, it is chosen such that
z ¢ Gzp. These sets G, are translations and rotations of the reference set

G:,of)+{xeR3:|x|<R, |x—|-f)>—cos,3}
X

for some fixed p € S2. Indeed, it is easily seen that for any p = Mp €S 2 where
M e R33 i orthogonal, and for any z € R3 it holds that G;p = 7+ MG. Therefore,
assume that for some & > 0 a function § € L*(S2) has been found such that

Setting g(0) := exp(—ikz - 0) §(M T6) we have for x = z + Mx’ € G, where x’ € G,

D (x,2) — vg(x) = D0, Mx') — / g(0) XM 4oy
52

= ®(0,x) — / e () XM g5(0)
SZ

= ®(0,x) — / R M) o (A10) ™0 ds(0)
SZ

= ®(0,x) — / 2(0) ™ ds(0)
S2

= ®(0,x") — v (x)

and thus

||vg|szp = @Dl = llvglg = PG 0 <&

Therefore, for given small values of ¢ > 0 and § > 0 the computations of the approx-
imations g, gs € L?(S?) for arbitrary z and G, are very simple once the approximations

for z = 0 and G have been computed.
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With these transformations, we can consider the singular sources method as a
sampling method with sampling objects z and M .

We note that from the arguments used in the proof of Theorem 7.8 we are not able to
show that the common limit lim, 5, ¢ exists. Using the factorization (1.55), the following
stronger result than (7.34) is obtained as a corollary.*

Theorem 7.9 Let again F be the far field operator (7.30). Fix z ¢ éand a bounded
domain G, C R such that its exterior is connected and 7z ¢ G, and D C G,. For any
e > 0 choose g, € L*>(S%) with (7.33) with respect to the H'-norm, i.e.,

lvge |, — PC.DE1G,) <€
Assume furthermore that k* is not a Dirichlet eigenvalue of —A in D. Then there exists
a constant ¢ > 0 depending only on D and k such that

tim f / W 6,1) 8 (1) 8@ ds() ds@)| = Tim|(Fge, g0),2
SZ 52

Proof: From (1.55) and Corollary 1.18 and the fact that Hg, = vy, |,,, we conclude that

lon

lim | (Fge, 86)2(s2)| = 1im [(S™" Hge, Hge)| = [(S71@(,2), @ ()|

> C1 ||S CD( Z)”H 1/2(0D) > Cc2 ”q)( Z)”Hl/z(dD) = d( 8D)

For a proof of the last estimate we refer to [11]. This proves the theorem. [J

7.4 The probe method

In this section we describe the Probe Method. Originally, it has been proposed by Masaru
Ikehata for the inverse problem of impedance tomography of Chapter 6. In the first sub-
section we will treat this inverse problem and follow Ikehata’s paper [96] but generalize
it to more general admittivity functions y. In the second subsection we will modify it
according to the approach presented in [77] and treat the inverse scattering problem for
mixed boundary conditions as we have discussed it in Chapter 3.

7.4.1 The probe method in impedance tomography
First, we recall the formulation of the problem from Chapter 6.

Let B C R? be a bounded and connected domain with smooth boundary dB. For
the direct problem the (in general complex and matrix valued) admittivity function

4 At least if k2 is not an eigenvalue.
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y € L® (B, (C3><3) and the boundary data f € H;1/2(BB) are given and u € H/ (B) has
to be determined such that

div [y (®)Vu(x)] =0 inB (7.36)
and
dyu=v-yVu=f ondB. (7.37)

The spaces H, 1/ 2(83) and H g (B) are defined in (6.6) and (6.8), respectively5 .Again,
the solution of this problem has to be understood in the variational sense:

// Vy*yVudx = (f, ) forally € H (B). (7.38)
B

We assume that y € L (B, (C3><3) satisfies the condition (6.9) of Chapter 6, i.e.,
there exists c¢o > 0 such that

Im[z*y(x)z] <0 and Re[z*y(x)z] > cozl? (7.39)

for all z € C> and almost all x € B. The unique solvability of this boundary value
problem (7.36) and (7.37) assures the existence of the Neumann-to-Dirichlet operator
A Ho_l/z(E)B) — Hé/z(aB) which assigns to each f € H;UZ(&B) the trace u|yp €
Hi/ 2(88) of the solution u € Hi (B) of (7.38). The most important properties of A are
listed in Theorem 6.1 of Chapter 6.

As in Chapter 6 we assume that y is the perturbation of a known background admit-
tivity function which we take again to be the identity y = I. This yy = I corresponds to
the Neumann-to-Dirichlet operator Ay. We make Assumption 6.4 on y which we recall
for the convenience of the reader.

Assumption 7.10 Let y € L®(B, C3*3) has the form

_J+4qx), xe€D,
”(x)_{ I, xeB\D,

for some domain D with D C B and some matrix-valued function g € L™ (D, C3*3) with
support D. Furthermore, we assume that

(a) there exists cy € (0,1) with
Im[z*y(x)z] <0 and Re[z*y(x)z] > co |z|? (7.40)

for all z € C3 and almost all x € B, and

5 Recall that the diamond indicates that only functions with vanishing means on 9B are considered.
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(b) there exists c; > 0 such that either
I =y (Re y(x))_ly(x)*] z>cilz)? (7.41)
forall z € C3 and almost all x € D, or
Z*[Rey(x) — 1]z = cilz)? (7.42)
for all z € C3 and almost all x € D.

We note that the matrices Re y (x) = %(y x)+y (x)*) are self-adjoint and uniformly
positive-definite by assumption (7.40). Therefore, their inverses (Re y(x))_l exist and
are essentially bounded on B.

In the inverse problem one tries to determine the support D of y — [ from the
knowledge of A — Ay.

In the probe method the sampling objects are curves in B starting at the boundary
0B of B. They are called “needles” in the original work by Ikehata.

Definition 7.11 A needle is a continuously differentiable function n : [0,1] — B such
that n(0) € 0B and n(t) € B forallt € (0,1] and n'(t) # 0 for all t € [0,1] and
n(t) # n(s) fort #s.

The following estimates are the basic ingredients for the Probe Method. They
correspond to the estimates (6.31) and (6.32) for the operators 7" and Ty of Chapter 6.

Theorem 7.12 We assume that y € L® (D, C3*3) satisfies (7.40) of Assumption 7.10.

(a) Foranyf € Ho_l/z(aB) it holds that

Re(f, (A — Ag)f) < f/ Vui[y Rey)'y* — I Vugdx, (7.43)
D

Re(f, (A — Ag)f) > // Vug[I — Re y) ™" Vug dx, (7.44)
D

where ug € H g (B) denotes the unique solution of (7.36), (7.37) for the background
case, i.e., for yo = 1.
(b) Under the additional assumption (7.41) we have that

- (l — 1)/ |Vug|? dx < Re(f, (A — Ag)f) < —ci f/ |Vug|>dx. (7.45)
D

€0
D
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(c) Under the additional assumption (7.42) we have that

//|Vu0| dx < Re(f, (A — Ao)f) < (”’/”L ® _ )/ Vuo|? dx.
||V||L°°(B)

(7.46)

Proof: (a) From (7.38) for = u we note that [, Vu*yVudx = (f, Af) and, anal-
ogously, for Ag. We write yq for the identity / to emphasize the analogous forms of
(f, Af)and (f, Aqf ). Therefore,

f, (A — Ao)f) = // [Vu*y Vu — Vu§ yoVuo| dx
B
= 2//(Vu — Vuo)* yVudx
B
— // [Vu§ voVuo — 2Vu§ y Vu + Vu* yVu] dx
- // [Vu§ voVuo — 2Vul y Vu + Vu* y Vu] dx

since the first integral vanishes by (7.38) (set ¥ = u —up € Hg (B) which vanishes on
dB). Since the matrices Re y are self-adjoint and uniformly positive-definite there exist
self-adjoint and positive-definite square roots (Re y)!/? € L® (B, R3*3 ) Taking the real
part of the previous formula yields

Re(f, (A — Ao)f) = //}(Rey)l/zw (Rey)~1/? *wo\ dx
—i—// Vui[y (Re )yt — 0] Vg dx
B

< // Vug[yRey) ™ 'y* — yo]Vuo dx
B

This proves (7.43). Similarly, by interchanging the orders of y and yy,

f, (Ao — Nf) = /f [VugyoVuo — Vu* yVu] dx
B

= - // [Vu* yVu —2Vu* yoVug + Vug yOVuo] dx
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and thus, taking the real part,

RGOC’ (AO - A)f) = — f/‘(Rey)l/zvu _ (Rey)—l/zy(;kvuo de
B
- // Vuglyo — voRey) 'y ] Vug dx
B

< —f/ Vué‘[yo—Vo(ReV)”J/o]Vuodx.
B

The observation that the integrands vanish on B \ D yields the desired estimates.
(b) The upper estimate follows directly from assumption (7.41). For the lower esti-

mate we note that assumption (7.40) yields z*(Re y (x))flz < (1/co) |z|? forall z € C3

and almost all x € D and thus z* [1 - (Re y(x))_l]z > (1 —1/co) |z|* which yields the
lower estimate of (7.45).
(c) The upper estimate (7.46) follows directly from

_ 1 2
Fy@Rey @)y @z —lz? < 5|y<x>*z|2 —|z* < (% - 1) |z

For the lower estimate we write
1= Rey) e = [Rey )] [Rey @) — I][Rey () /%]

> o1|(Rey () 2| = wfﬁ 122

for all z € C3? and almost all x € D. Here, ly)|F = 1/2?/':1 y(x)l.zj denotes the

Frobenius norm of the matrix y (x). Observing that essup, .z |y (X)|F = ||y |l (5) yields
the assertion. [

The following corollary of Theorem 7.2 is needed in the Probe Method.

Corollary7.13 Letn : [0, 1] — Bbe aneedle. Foranyt € (0, 1] there exists a sequence
wy, € HY(B) of harmonic functions in B such that

[wn — ®o(-, n(t))”Hl(U) — 0, n— o0, (7.47)

for every open subset U with U C B\ C,. Here, and in the following,
C,:{n(s):Ofsft}

is the part of the needle from s = 0 to s = t and ®o(x,y) denotes the fundamental

solution of the Laplace equation in R, i.e.,

1

D (x,y) = m s

xX#£y.
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Proof: Since C; is compactand C;NdB = {n(0)} the set B\ C; is open and connected. For
n € N we define the open set G, := {x € B\ C; : d(x,9B) > 1/n, d(x,C;) > 1/n}.For
sufficiently large 7 the complement B\ G,, of G, is connected. Therefore, by Theorem 7.2
applied to u = &g (-, n(t)) in G, there exists a harmonic function w, € H'!(B)
in B with

1
[wn = @0(, 1) [ 16, = n’

The observation that every compact set U C B\ C; is contained in G, for some
sufficiently large n yields the assertion. [J
We define f,, € H, 1/ 2(8B) by f, = dw,,/9v on 0B where w,, has the approximation
property (7.47) from the previous Corollary 7.13. We note that f;, depends on C; and
indicate this in the following by writing f;,(C;). We note that it does not depend on the
unknown domain D. Therefore, it can be — at least in principle — computed beforehand.
Substituting f;, into (7.45) and (7.46) yields

1// Vwal? dx < [Re(fy. (A — Ag)fy)] se//anFdx (7.48)
Cc
D D

for some ¢ > 1 provided Assumption 7.10 holds. Now we can formulate and prove the
main theorem of this section.

Theorem 7.14 Let Assumption 7.10 hold and fix a needle n : [0, 1] — B. Define the set
T C [0,1] by

T={tel0,1]: su§{|Reofn(c,), (A — Ag)fa(C))| < o0} . (7.49)

Here, f(C;) = ow,/dv € H=Y20B) and w, € HYB) are determined as in
Corollary 7.13.
Then there exists € > 0 with [0,¢e] C T. In particular, T # (.
Furthermore, define t* = sup{l €[0,1]:10,¢] € T}. Then
. {min{t €10,1]: n(t) € 3D}, t{fC] ND # 4, (7.50)
1, ifcCitND=4¢.

We recall that C; = {r)(t) 1t e |0, 1]} denotes the trace of the needle n.

Proof: The proof is divided into three parts.

First we show that C; N D = ¢ implies ¢ € T. This would prove the first assertion
because 1n(0) ¢ D and thus also C, N D = ¢ for sufficiently small . Therefore, let
C, N D = @. Choose an open set U C B which contains D such that U N C, = @. Since
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w,, converges to ®o(-,n(t)) in H L(U) it also converges in H'!(D). Therefore, the upper

bound in (7.48) converges to
2
c/f|v<1>o(x,n<t)>| dx
D

which yields an upper bound on |Re(fn(C,), (A — Ao)fu(Cy)) | Therefore, t € T.

Second, let now 7(t) € D. We show that t ¢ T by contradiction. Assume on the
contrary that ¢t € T. By the lower estimate of (7.48) there exists M > 0 such that

/ |Vwp?dx <M forallneN. (7.51)
D

Define the (truncated) cone Ky by
Koz{n(t)+rfc:0<r§p,5ceV}

where p > 0 and the (relatively) open subset V C § 2 are chosen such that Ky € D \ C;.
It is here that we need differentiability of n and smoothness of dD. Then the subset
Ke = {n(t) + rx € Ko : ¢ < r < p} is compact and contained in D \ C; for every
¢ € (0, p). Furthermore, we compute by using polar coordinates with respect to 1(z),

o
2, LI S 4 B
Zf’vx%(x,ﬁ(fm dx = |V|8/ @2t dr = (47)2 (8 p>.

Therefore, we can choose ¢ such that

f/qu’o(x,n(t))lzdx > 2M .
K.

This is a contradiction since

//|an|2dX§/f|an|2dx§M
D

K

and w, — ®q(-,7(r)) in H'(K,) by the approximation property of w,,.

In the third part we prove (7.50). It suffices to consider the case where C; N D # @
since otherwise t* = 1 by the first part. Set 7 = min{r € [0, 1] : n(r) € dD}. From the
second part we conclude that 7 ¢ T since n() € D C D. Therefore, * < 7. Finally,
assume on the contrary that t* < 7. Then Gn D = @ and thus, by the first part, 7 € 7.
This contradicts the definition of 7. [J

Formula (7.50) allows it — at least in principle — to compute 9D from A — Ag. One
has to choose a family of needles which covers the domain B, and for each needle
one computes t* from the formula of the preceding theorem. If * < 1 then n(t*) € aD.
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This procedure is very expensive from the computational point of view. However, if we
restrict ourselves to “linear” needles, i.e., rays of the form

C={z+ta:t>0} N B, (7.52)

for z € B and unit vectors a € R then we can reduce the computational effort consider-
able as we indicate in the following. However, by using only rays one can not expect to
detect the boundary of D completely. Only the “visible points” on dD can be detected.
We refer to the remarks at the end of this section.

Let B be contained in a ball of radius R with center at the origin. Define B=K (0,2R)
to be the ball of radius 2R and C = {te : 1 > 0} N B where e = (1,0,0) " € R3 to be the

reference needle. Construct a sequence W, € H' (IAS’) of functions with

1o — CDO("O)”Hl(V) —0

for every open set V such that V C B \ C. Let C be a needle of the form (7.52). Choose
an orthogonal matrix Q € R3*3 such that Qa = e. Definew, € H 1(B) by

wp(x) = w,(Ox — Qz) forx € B. (7.53)

Then |Qx — Qz| < |Qx|+Qz] = |x|+|z| = 2R,i.e,Qx—Qz € B and, furthermore,
for any open set U with U € B\ C we conclude that V C B\ C where V = {Qx —Qz:
X € U}. Therefore, since ®g(x,z) = ®o(Ox — Qz,0),

”Wn — ®o(-,2) ”Hl(U) = ”Wn — @o(-,0) ||H1(V) — 0

as n tends to infinity.
Therefore, the computation of the approximating sequence has to be done only once
for the reference needle C in the reference ball B. Then f,, € H'/?(dB) is given by

fa(X) = wp(x) =W, (0Qx — Qz) forx € 9B

andn € N.

For the computation of t* = sup{t € [0,1]:10,7] € T} with T from (7.49) one has
to decide whether a supremum is finite or infinite. Numerically, this is certainly not an
easy task. In [96] Ikehata proposed (formulated in our setting) to replace the set T of
(7.49) by

Ty = {r € [0, 1] : sup{|Re {£,(C)), (A — Ao)fu(C))| < M}
neN
for some M > 0 and proved a result analogously to the one in Theorem 7.14. We refer
to [96] for more details.

7.4.2 The probe method for the inverse scattering problem with mixed
boundary conditions

In this subsection we study the situation of Chapter 3, i.e., the inverse scattering problem

where D consists of several components, and on the boundary of some of these (which

we denote by ' = dD;) we impose Dirichlet boundary conditions while on the others
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(which we denote by I'y = dD;) impedance boundary conditions. For the application
of the Factorization Method we had to assume the knowledge of separators €21 and/or
2,. The Probe Method does not need this a priori information. In the main ideas we
follow the presentation in [77] but adopt it to the treatment of the previous subsection
for clarity.

In the present situation of the inverse scattering problem a needle is defined as follows
(compare Definition 7.11).

Definition 7.15 Let R > 0 such that D C K(0,R) where K(0,R) denotes the ball
of radius centered at the origin. A needle for K(0,R) is a continuously differentiable
function 1 : [0,1] — R> such that ’77(0)| = R and |n(t)| < Rforallt € (0,1] and
n'(t) # 0 forallt € [0,1] and n(t) # n(s) fort # s.

In contrast to the previous subsection we take Herglotz waves vy, for the approxi-
mation of the fundamental solution. We recall that a Herglotz wave function is defined
as

vy (X) = /e””"ew(@)ds(@), xeR3,
52

Corollary 7.16 Let 1 : [0,1] — R3 be a needle for K(0,R). For any t € (0, 1] there
exists a sequence W, € L*(S?) such that the corresponding Herglotz wave functions

Uy = Uy, satisfy

lon = @(.n®)] ;1) — 0. n— o0, (7.54)
)

for every open subset U with U C K(0,R) \ C,. Again, ® = ®(x,z) denotes the
fundamental solution of the Helmholtz equation and

Ct:{n(s):Ofsgt}
is the part of the needle from s = 0 to s = t.

Proof: The proof follows exactly the same arguments of the proof of Corollary 7.13.
On the region G, one applies the approximation Theorem 7.3 instead of Theorem 7.2.
We omit the details. [

Now we are able to prove a characterization which is quite analogous to
Theorem 7.14.

Theorem 7.17 Let n : [0, 1] — R3 be a needle for K(O,R). For any t € (0, 1] choose
a sequence Y, = Y,(Cy) € L%(S?) according to Corollary 7.16 and define the set
T C[0,1]by

T = {r € [0, 1] : sup| (Fuix¥n(C), ¥u(C))) 1o 52, | < 00} .
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Then there exists € > 0 with [0,¢e] C T. In particular, T # (.
Furthermore, define t* = sup{t e [0,1]:10,¢] € T}. Then

o min{t € [0,1]: n(t) € 8D}, ifCiND #0,
B 1, ifCiND=4¢.

Proof: We follow the proof of Theorem 7.14. The fundamental estimates (7.48) are now
replaced by estimates which follow from the factorization

o H, R— H,
Foniz: = = ((BH)z + )\H2> Lo ((E)H)z Y AH,) (7.56)

of F,iy which has been derived in Chapter 3 (compare (3.26)). We recall the definitions
of Hj : L>(S?) — H'/2(T')) and (3H); : L*(S?) — H~1/2(I)) forj = 1,2, i.e.,

(7.55)

(Hp) () = f VO et ds@), xeTy,
S2

(0H)jr (x) = ;—V/w(e)e’“* ds@), xeTlj.
S2

From (7.56) we have that

_ -1 H H,
Emistr )izt = = <T’""x ((BH)z + AH2> v ((BH)Q + AH2> ‘ﬂ> (7.57)

for all Y € L*(§2).

First we show again that C, N D = ¢ implies t € T. This would prove the first
assertion because 7(0) ¢ D and thus also C, N D = ¢ for sufficiently small &. Therefore,
let C;ND = . Choose an open set U C K (0, R) which contains D such that U NC; = #.
From the construction of 1, we note that v,, converges to d>(-, n(t)) in HL(U). Since D
is contained in U we conclude that Hy 1/, = vn|rl converges to ®(-, (1)) in H'/2(T'y)
and (0H )2¥n + AHa Y, = 9v,/0v + Avy, converges to 9 (-, n(1))/dv + AP (-, n(1)) in
H~'2('y). From (7.57) and the boundedness of the dual form (-, -) we conclude that
(FmixYn, Yn) 12(s2) remains bounded. This means ¢ € T by the definition of 7'.

Second, let now 1 (¢) € D but n(s) ¢ D forall 0 < s < ¢. We assume on the contrary
that 1 € T. We restrict ourselves to the case where n(¢f) € D;. The case n(t) € D5 is
treated analogously. Since C; N D, = @ we conclude as before that (9H )2y, + AH2 ¥,
converges to 3®(~, r;(t))/av + MD(-, n(t)) in H~'/2(I",). Now we recall the form of the
operator T,y.

N . _ T T .
We write Tmi)lc in matrix form as Tmi)lc = ( 22 > From (7.57) we estimate
o T

| (Fix¥ns ¥n) 12 (52| > |(T1H W, i) |
— P21l + I T2l 1H Yl g2y 1QQHD2%m + AH2 Wl =121y
— I T2l BH) 29 + )\Han”?.I—l/z(rz) .
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By (3.32) the operator Tn has the form 7‘11 =S/ ! + K where K is compact. The
operator S, !'is a sum of a coercive and a compact operator. Furthermore, in part (c) of
Theorem 3.4 we have shown that Im(7T},ic, ) > 0 for all ¢ € H~Y2(I")) x H'/2(I')
with ¢ # 0. Therefore, also Im(¢p, T;lblcw) >0 for all 9 € HY/2(I'1) x H~Y2(I'y) with
¢ #0 and thus Im(?llgol, ¢1) <0 for all 1 € H'/2(I'y) with ¢; #0. Therefore, we can
apply Lemma 1.17 from Chapter 1 which yields existence of a constant ¢ > 0 such that

[T o] = clleilng,, s @€ H/ATD.
Combining this with the above estimate of |(Fuix ¥/, V) 2(s2)| yields

| (Fmix¥ns 1[’rz)L2(52)| = cllH Wn||12q]/2(rl)
— (1Tl + I T2l ] WH Wl gz gy 1OH) 2 + AHallg-172y)
— I Tl GH) Y + 2Ho Yl

= ||H11/fn||H1/2(r]){CIIHN/ntIHI/z(rl)

[Tt + I T12l1] 1 OH )29 + AHzl//n||H1/2(r2)}

— Tl @H 2 + AoVl 12

Since we assumed that ¢ € T the left hand side of this inequality remains bounded as
n tends to infinity. We have also shown that [|(0H )2, + AHa Yl g-1/2(r,) 1s bounded.
A simple application of the binomial formula implies boundedness of |H1 Vx|l g1/2r))-
We show that this is not the case just as in the proof of Theorem 7.14. Indeed, choose
again a set K of the form

Koz{n(t)+rfc:0<r§p,5ceV}

where p > 0 and the (relatively) open subset V C S 2 are chosen such that Ky C D \ C;.
The subset K, = {n(t) +rk € Ko : ¢ < r < p} is compact and contained in D \ C; for
every ¢ € (0, p). Using polar coordinates with respect to n(t) we compute again

0

X Lo, V(11
//|de>(x,n(t))| dx = |V|/ am2A dr = (4m)? (8 /’)'

K, e

Let now M > 0 arbitrary large but fixed. Choose ¢ > 0 such that

f/|Vx®(x, ()| dx > 2M .

Ke

Since K, N C; = ¥ we conclude that v, converges to dD(-, r/(t)) in H'(K,). There-

fore, for large enough n we have that fng [Vup|?dx > M, i.e., also lvallgi o,y =
lvnllg1(k,)=M . Therefore, |[lvnllgyi(p,) tends to infinity and also the traces

IH1Ynllg1/2r))-
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In the third part we prove (7.55). It suffices to consider the case where C; N D # @
since otherwise * = 1 by the first part. Set 7 = min{z € [0,1] : n(r) € 3D}. From the
second part we conclude that 7 ¢ T since (f) € 3D C D. Therefore, t* < 7. Finally,
assume on the contrary that * < 7. Then C; N D = @ and thus, by the first part, 7 € 7.
This contradicts the definition of 7. [

As already indicated in the previous subsection, it is not clear how this form of
the Probe Method can be used to construct a numerical algorithm. It is much easier,
and faster, to use linear needles, i.e., rays, only. The approximation of the fundamental
solution with respect to an arbitrary ray can be transformed to the case of a reference ray
by a simple rotation and translation. Indeed, let

C={z+w:1>0} N K©O,R), (7.58)

be aray where || < Randa € Rf denotes some unit vector. Define again B=kK (0,2R)
to be the ball of radius 2R and C = {te : t > 0} N B where ¢ = (1,0,0)7 € R’ to

be the reference needle. Construct a sequence @n € L*(S?) such that the corresponding
Herglotz wave functions v, € H 1(B) satisfy

| — CDO("O)”HI(V) — 0

for every open set V such that V C B \ C. Let C be a needle of the form (7.58). Choose
an orthogonal matrix Q € R3*3 such that Qa = e. Define v/, € L?(S?) by

Un(©) = %97 9,(00) foro € 2. (7.59)

For the corresponding Herglotz functions we compute

vp(x) = / Y () %50 ds(9) = / ¥a(00) %0 dg(0) = 5,(Q(x +2)) .
S2 S2

<1

Figure 7.1 Visible and invisible boundary points
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Furthermore, |Qx — Qz| < [0x| + Qz| = |x| + [z| < 2R, ie., Ox — Qz € B,
and for any open set U with U € K(0,R) \ C we conclude that V C B\ C where
V = {0x — Qz : x € U}. Therefore, since ®(x,z) = ®(Qx — 0z,0),

lvn — cI>("Z)HHI(U) = ||t — @(-,0) ||H1(V) — 0

as n tends to infinity.

If we allow only rays as needles we can only detect boundary points z which are visible
from the sphere {x € R? : |x| = R}, i.e., for which a ray of the form C = {z+ta : t > 0}
exists for some a € S? such that C N D = {z}.

For example, in Figure 7.1 the points z1 and z4 are visible while z, and z3 are invisible.
If every boundary point is visible then we can reconstruct the obstacle completely by
the Probe Method with rays only.
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